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ON ““-STABILITY OF THE NAVIER-STOKES SYSTEM IN 
EXTERIOR DOMAINS 

HAJIME KOBA 


Abstract. This paper studies the stability of a stationary solution of the 
Navier-Stokes system with a constant velocity at infinity in an exterior domain. 
More precisely, this paper considers the stability of the Navier-Stokes system 
governing the stationary solution which belongs to the weak L^-space ^3,00 
Under the condition that the initial datum belongs to a solenoidal L®’°°-space, 
we prove that if both the L®’°°-norm of the initial datum and the L®’°°-norm of 
the stationary solution are sufficiently small then the system admits a unique 
global-in-time strong L®’°°-solution satisfying both L^’°°-asymptotic stabil¬ 
ity and L°°-asymptotic stability. Moreover, we investigate L®’’'-asymptotic 
stability of the global-in-time solution. Using L^-L'^ type estimates for the 
Oseen semigroup and applying an equivalent norm on the Lorentz space are 
key ideas to establish both the existence of a unique global-in-time strong (or 
mild) solution of our system and the stability of our solution. 
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1. Introduction 


1.1. Purposes. This paper has two purposes. The first one is to construct a unique 
global-in-time strong L^’'^-solution of the Navier-Stokes system with a constant 
velocity at infinity. The second one is to investigate the stability of global-in-time 
L^’°°-solutions of the system when the initial datum is in an intermediate space 
between the T^'^-space and the L^’°°-space. Here denotes the Lorentz space. 

Let 12 be an exterior domain with smooth boundary in Throughout this 
paper we fix 12. We are concerned with the stability of the Navier-Stokes system 
with a constant velocity at infinity: 


( 1 . 1 ) 


dtu — Au + {u, V)m -I- Vn = V • F in 12 X (0, oo), 
V • It = 0 in 12 X (0, oo), 

M|an = 0, lim u = Uoo, u\t=o = uo, 

\x\—¥(yD 


where the unknown function u = u{x,t) = {u^ ,u^,u^) is the velocity of the fluid, 
the unknown function H = n(a;, t) is the pressure of the fluid, while the given 
function F = F{x) = {Fjk{x))j^k=i, 2,3 is the external force, the given constant 
Uoo = is the velocity of the fluid at infinity, and uq = uo{x) is 

the given initial datum. Here we use the convention: A := df + 82 + and V := 
( 81 , 82 , 83 ). Note that V • F = The model (I 1.11) illustrates 

the motion of an incompressible viscous fluid past an obstacle. 

Putting u = u(x,t) = {u^,v?,ii?) := u(x,t) — Uoo, we have 


( 1 . 2 ) 


8 tu — Au + (uoo, V)u + {u, V)u + VH = V • F in 12 x (0, 00 ), 
V • M = 0 in 12 X (0, 00 ), 

ii|aa = -Uoo, lim U = 0, £t|t=o = Uq - Moo- 

|a:|—^■oo 


To study the system (j 1.211 . we consider the stationary Navier-Stokes equations: 
—Aw + (moo, V)u> -I- {w, V)w + Vtt = V • F in 12, 

(1.3) 


V • w = 0 

— Uoo, 


12 , 


lim w{x) = 0. 

|ai|—>-oo 


Here w = w(x) = (w^,w^,w^) and tt = 7 r(x). This paper studies the stability of 
solutions to the stationary Navier-Stokes equations under the three conditions: 

Assumption 1.1. The function w satisfies V • rc = 0 in 12 and 

||m;||2,3,oo -I- ||m;||2,3/3/(3-/3),oo + ||Vm;||2,/3.oo < +00 for some 3/2 < /3 < 3. 

Assumption 1.2. The function w satisfies Assumvtion M. 1\ and 

||Vr(;||i2 < -1-00. 

Assumption 1.3. The function w satisfies Assum,vtion \l.l\ and 
||w||loo -I- ||Vm;||l3,~ -I- ||Vw||l 2 < -|-oo. 

Here |1 • denotes the Lorentz norm (see Subsection HH). Remark that there 
exists a solution {w,tt) of the system () 1.31) satisfying Assumption 1 1.11 Assumption 
11.21 or Assumption 11.31 if |uoo| and F are sufficiently small in a suitable function 
space. See Finn [9], Kozono-Yamazaki [29l Main Theorem], Shibata-Yamazaki [43l 
Theorems 2.2 and 4.1], and Kim-Kozono [22l Theorem 1.1]. Many researchers have 
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been studying both the existence and the uniqueness of solutions to the system 
(j 1.3[l since Leray [32] and Finn [9]. See [29], [43], [12], [22], [15], and the references 
given there. 

To study the stability of a solution of the system (I 1.31) . we set v = 

v{x, t) = (u^, v^) := u{x, t) — w(x) and p = p(a;, t) := n(a;, t) — Tr{x). It is easy 

to check that (u,p) formally satisfies the system: 


(1.4) 


dtv — Av + (utxj, V)u + {v, V)u + {v, V)w + {v, V)w + Vp = 0, 
V • r; = 0 in 11 X (0, oo), 

I’lan = 0, lim T = 0, ■!;|t=o = vq. 

\x\—¥oo 


Here vg := ug — Uoo — w- This paper studies the system (I 1.41) instead of the system 
(I 1.11) . Applying the Helmholtz projection P into the system (I 1.4|) . we have 


(1.5) 


Vt + Lv + P{{v, V)u + {v, V)w + {w, V)u} = 0, t > 0, 
v\t=g = Pvg. 


Here Lv = P{~Au + {uoo,^)v}. We call the operator L the Oseen operator. 
In particular, we call L the Stokes operator if Uoo = 0. See Subsection 12.21 for 
the Helmholtz projection P and Subsections 12.3112.61 for the Stokes and the Oseen 
operators. 

Heywood m, m first studied the stability of L^-solutions to the system (I 1.511 
under the conditions that w G and sup{|a;||w(a;)|} is sufficiently small. He 

applied the Galerkin method and an energy inequality to show the existence of a 
unique global-in-time strong L^-solution of (I 1.51) with the property that for each 
ft' C ft, ||i'(t)||L 2 (Q/) —>• 0 as t —>■ oo. Masuda [37] considered the stability of a weak 
solution of (j 1.5|) when Vw G and sup{|a;||w(x)|} is sufficiently small. Masuda 
m made use of fractional powers of the Stokes operator and an energy inequality to 
show the existence of a weak solution of (I 1.51) satisfying L°°-asymptotic stability. 
Maremonti [34] constructed a global-in-time L^-solution, satisfying ||u(t)||Loo < 
as t —>■ oo, of (I 1.51) when Uoo = 0, w G L® fl fl W^’P{p > 3), and the 
Reynold number is sufficiently small. Maremonti [35] considered L^-asymptotic 
stability of a L^-solution of (I 1.5|) . and investigated L^-decay rate with respect to 
time of the solution when the Reynold number is sufficiently smal and the initial 
datum belongs to L‘^{1 < q < 2). Miyakawa and Sohr [38] constructed a weak 
solution of (I 1.51) satisfying the strong energy inequality to derive L^-asymptotic 
stability of the solution when \7w G and sup{|a:||u;(a:)|} is sufficiently small. 
Note that w G L^’°° if sup{|a:||u;(a:)|} is finite. Koba [23] applied maximal L^- 
regularity for Hilbert space-valued functions to investigate L^-asymptotic stability 
of energy solutions to the generalized Navier-Stokes-Boussinesq system including 
(I 1.51) . See also Koba [25] . 

This paper studies L^’'^-asymptotic stability of L^’°°-solutions to the system 
(j 1.5[l . Let us now introduce L”-asymptotic stability of the Navier-Stokes system 
(i.e. (I 1.51) when Uoo = 0 and w = 0). Kato [21] used PP-L'^ estimates for the 
heat kernel to establish the existence of a unique global-in-time L"-solution of 
the Navier-Stokes system in the whole space R” satisfying T"-asymptotic stability 
when the L^-norm of the initial datum is sufficiently small. Kozono [22] applied 
the Stokes semigroup and an implicit function theorem for Banach spaces to show 
the existence of a unique global-in-time L”-solution of the Navier-Stokes system 
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in the halfspace R" satisfying L”-asymptotic stability when the initial datum is 
sufficiently small in the L”-norm. Iwashita [19] obtained stability results similar to 
those in m on the Navier-Stokes system in an exterior domain by studying L^-L'^ 
estimates for the Stokes semigroup. Remark that L” C (see Lemma [2.21) . 

In this paper we show the existence of a unique global-in-time strong 
solution, satisfying the asymptotic stability, of the system (I 1.511 . To this end, we 
construct a unique global-in-time (generalized) mild L^’°°-solution of (j 1.51) in a 
Banach space X 3 , and investigate the asymptotic stability of the solution. Before 
stating main results, we introduce some notation. 

Definition 1.4 (Solenoidal spaces). For 1 < q < 00 and 1 < r < 00 , 

(fl) := {/ = f) e [Co-^(0)]3; V • / = 0}, 

LI = Ll{n) := = Lg;“(fl) := , 

Ly = Lrm := 

where l<gi<( 7 <(; 2 <oo and 0 < 0 < 1 such that l/q = (1 — 9)/qi + d/q 2 - 
Here is the real interpolation couple. See [3] and [33] for the interpolation 

theory. See Subsection 12.21 for the solenoidal spaces ^^’“(n) and Note 

that Lg;“(0) C L«’°°(H). 

Definition 1.5 (Function space Xp). Let 3 < p < 00 . Define 

Xp := {/ e i?C(( 0 , 00); p ^(( 0 , 00 ); LS'“(L!)); |l/||x, < 00 }. 

Here ||/||xp := sup{||/(t)||i 3 ,=o}-t sup{t^ ||/(t)||LP,=o}. 
t>0 t>0 

Note that X 3 = HC(( 0 ,oo);L 3 .oo(f^))^ 

Definition 1.6 (Duality pairing). Let 1 < q,q\r,r' <00 such that l/q + l/q' = 1 
and 1/r + l/r' = 1, where l/c» := 0. By (•, •), we define the paring between L'?’’' 
and as follows: for all / € [L«’’’(n)]3 and g e [L'?'’’''(D)]3 

(/,3) := [ fix) ■ g{x)dx. 

Jn 

Here ^^’^(H) := and L°°’^(H) := L°°{n) for 1 < £ < 00 . 

Definition 1.7 (Generalized mild solutions). 

Assume that vq € L^’°^(fl) and that v € X 3 . We call the function v a global-in- 
time generalized mild solution of the system (I 1.51) with the initial datum vq if the 
following two properties hold: 

(i) for every t > 0 and ip € Lct^^’^(G) 

{vit),ip) = {vo,e~*^ Ip)-\- f (v ^ vis)-\-vis) ® w-\-wS) v{s),Xe~^'~'''^^ ip)ds, 

Jo 

(ii) for each ip £ L^^^’^iLl) 

= {vo,ip)- 

Here L* f = P{—Af — (mqo, V)/} and is the semigroup whose generator is 

the dual operator —L* of the Oseen operator —L. 

Kozono and Ogawa [28] introduced the notion of the generalized mild solution. 
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Definition 1.8 (Mild solutions). Assume that vo S and that v € X 3 . 

We call the function v a global-in-time mild solution of the system (j 1.5|1 with the 
initial datum vq if the following two properties hold: 

(i) for every t > 0 

v{t) = e~*^vo — f V)u(s) + (v(s), V)ic + (w, V)u(s)}ds, 

Jo 

(ii) v{t) —>• Vo in as t —0 + 0. 

Definition 1.9 (Strong solutions). Assume that vo G and that v G A 3 . 

We call the function v a global-in-time strong solution of the system (I 1.5|) with the 
initial datum vq if the following two properties hold: 

(i) u is a global-in-time mild solution of the system (I 1.5|) with the initial datum 

(ii) for each 0 < t < 00 , v{t) satisfies the system (I 1.51) in 

1.2. Main Results and Key Ideas. We now state four main results. 


Theorem 1.10 (Existence of a unique generalized mild solution). 

Assume that w is as in Assumvtion ll . 1 \ and that |uoo| < 7 for some 7 > 0. Let 3 < 
p < 00 . Then there are two positive constants Sq = ( 5 o( 7 ,p) and Kq = Ko^'jyp) > 0 
such that if 

Vq G IIicIIls.oo < (5o, and ||uo||l3 ,.» < (5o, 

then there exists a unique global-in-time generalized mild solution v in A 3 of the 
system () 1.511 with the initial datum vq, satisfying v G Xp and 

(1-6) Ikllxp < Ao||uo||l3,oo. 


Theorem 1.11 (Stability of generalized mild solutions). 

Assume that w is as in Assumvtion \1.1\ and that |rtoo| < 7 for some 7 > 0. Let 
3 < p < 00 , and let Jg the constant appearing in Theorem \1.10\ Suppose that 

Vq G Ll’°°{n), ||■u;||i 3 ,=o < (5o, and ||uo||l 3 ,.*= < Jg. 

Let v be the global-in-time generalized mild solution v of the system (I 1.51) with the 
initial datum ug, obtained by Theorem \1.10\ Let 3p/(p-|-3) < a < 3. Then there is 
<5i = ( 5 i( 7 ,p, a) > 0 such that if 

||r(;||i 3 ,oo < and ||uo||i 3 ,oo < di, 

then the following three assertions hold: 

(i) Assume in addition that vq G L^’°°(il). Then 


sup{||?;(f)||ic,oo} < Const. < -|-c», 
t>o 


(1.7) 

sup{f2(“ P^||u(f)||LP,oo} < 

Const. < - 1 - 00 , 


t>0 


(1.8) 

sup{t5(i-3)||,;(t)||^3,<^} < 
t>0 

Const. < -foo. 


(ii) Assume in addition that vq G ^0^(12) and that ||Vui||i 2 < -|-c». Then 

lim ||u(t)||i3,«. = 0. 

t—¥CO 


(1.9) 
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(iii) Assume in addition that vq € for some 1 < r < oo and that || Vw||i 2 < 

+c». Then 

v&BC{[Q,^)-Ly{Sl)), 

-^^o||l3,. = 0 , 

( 1 . 10 ) lim ||■l;(^)||i 3 ,r = 0 . 

r—^■oo 

Theorem 1.12 (Unique mild solution and stability). 

Assume that w is as in Assumvtion \1.2\ and |uoo| < 7 for some 7 > 0. Let 6 < p < 
00 such that Zfj/iflfd — 3) < p. Then then there is 62 = ( 52 ( 7 ,p) > 0 such that if 

Vo € Lp;“(ll), ||n;||L3,=o < 62 , and ||vo||l3,oo < 62 , 

then there exists a unique global-in-time mild solution v in X^, of the system (I 1.51) 
with the initial datum Vq, satisfying v £ Xp, (I 1.6p . (I 1.91) . 

(1.11) for each fixed T > 0, sup ||Vt!(t)||i 3 ,oa} <+ 00 , 

0<t<T 

(1.12) sup ||x;(i)||j;^oo} + suplU^/< Const. <+ 00 . 

o<t<i t>i 

Moreover, the following two assertions hold: 

(i) Assume in addition that vq £ L“’°°(n) for some 3p/(p-f- 3) < a < 3 and that 

||wo||l3,«. < and ||w||l3,oo < (5i. 

Then 

(1.13) sup ||n(t)||Loo} + sup{t 3 (“'''^)“^||n(t)||Loo} < Const. <+ 00 . 

o<t<i t>i 

Here (5i is the constant appearing in Theorem M.lR 

(ii) Assume in addition that w satisfies Assumvtion M.A Then for each fixed T > 0 

Xv{T) £ 

Here To’°°(ll) := Co°°(ll)"'"'''’“ • 

Theorem 1.13 (Unique strong solution and stability). 

Assume that w is as in Assumvtion \1.A and that [mcxjI < 7 for some 7 > 0. Let 
6 < p < 00 such that 3/3/(2/3 — 3) < p. Then then there is S 3 = ( 53 ( 7 ,p) > 0 such 
that if 

Vo £ Lo;“(ll), ||n;||L3,oo < (53, and ||no||L3,oo < (53, 
then there exists a unique global-in-time strong solution v in X 3 of the system (I 1.511 
with the initial datum Vq, satisfying v £ Xp, (I 1.61) . (I 1.91) . (I 1.1111 . (I 1.12p . 

V £ BC([0,oo);L^;“(ll)), Lv,vt £ ^((0, 00 ); U^;“(ll)). 

Remark 1.14. (i) lUe can choose Uoo = 0 in Theorems \1.1 diOTTM 

(ii) It is not clear whether ||r'(t)||L=o = 0{t~^) as t ^ 00 under our assumptions. 

(iii) Shibata |42j gave the sketch of the proof of Theorem \1.1(K This paper describes 
a detailed proof of Theorem \1. HA 

(iv) Under only the condition that vo £ ^^’“(U) it is difficult to drive (j 1.911 . See 
Yamazaki [451 Remark 1.4] for the reason. 
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(v) In order to show that ||T(f) — —>"0 as t —?► 0 + 0, we make use of H^- 

solutions of the system (j 1.5|1 . We need the assumption that ||Vw||l 2 is finite to 
construct a -solution of (I 1.511 . See Koba [23] for details. 

(vi) We use the restriction that 3I3/{2P — 3) < p < oo to construct a global-in-time 
mild solution of the system (| 1.51) . while we need the condition that 6 < p < oo to 
derive -decay for the mild solution. See Section^for details. 


Let us state results related to the main results of this paper. We hrst intro¬ 
duce stability results for the system (I 1.51) when Uoo = 0 and w 0. Kozono and 
Ogawa [28] studied (I 1.51) under the conditions that vq € L^{kl) and w S 
They proved that () 1.511 admits a unique global-in-time strong L^-solution satisfy¬ 
ing L^-asymptotic stability if Il'ColU^, ||r(;||i3, and ||Vw||j;^3/2 are sufficiently small. 
Borchers and Miyakawa |4] established the existence of a unique global-in-time 
strong L^’°°-solutionof (I 1.51) when ||uo||_l3,oo and sup{|a;||zc(a;)|}-|-sup{|a:p|Vw;(a:)|} 
are sufficiently small. They derived L^>°°-asymptotic stability of their solution 
in the case when vq G Lq’^(O), and investigated L°°-decay of their solution 
when Vo G fl for some 1 < p < 3. Under the conditions that 

w € L^’°° n L°° and Vw G for some p > 3, Kozono and Yamazaki [30] proved 
that (I 1.51) admits a unique global-in-time strong L^’°°-solution satisfying L‘>{q > 3)- 
asymptotic stability if ||uo||l3,oo and ||w||j;^3,oo are sufficiently small. Therefore 
the main results of this paper improve their results. Note that they studied n- 
dimensional case. A key observation of their methods is to derive estimates 

for the semigroup generated by the main linear operator —C of (I 1.5|1 under their re¬ 
strictions, where Cf = P{—A/-|-(/, \7)w-\-{w, V)/}. However, in our situation, it is 
not easy to derive estimates for the semigroup whose generator is the main 

linear operator —jSf of (I 1.51) . Here = P{—Af-\-{uoo, V)/-l-(/, V)w-\-{w, V)/}. 

Next we introduce stability results for the system (I 1.51) when Uoo ^ 0 and 
w 0. Galdi-Heywood-Shibata m and Shibata [41] applied L^-L^ estimates for 
the Oseen semigroup, which was obtained by Kobayashi-Shibata [26], to prove that 
(I 1.51) has a unique global-in-time mild L^-solution satisfying L‘^{q > 3)-asymptotic 
stability when ||wo||l 3 and sup{(l -I- |x|)(l -I- |x| — x • 'Uoo/|'«oo|)'^|w(a^)|} + sup{(l -|- 
|a;|)3/2(i _|_ _ 2 ;. Uoa/\y-oo\Y^‘^'^^\'^yj{x)\} are sufficiently small for some e > 0. 

Shibata [32] showed the existence of a unique global-in-time generalized mild 
solution, satisfying L‘^{q > 3)-asymptotic stability, of (I 1.5|) when ||uo||_l3,=o and 
||r(;||j;^3,oo are sufficiently small by applying L^-L^ estimates for the Oseen semigroup 
and the real interpolation theory. Enomoto and Shibata [8] studied (I 1.511 when 
w G L^/li+e) PI g^jLcl Vrc G L3/(2-i-e) PI Jqj. some small e > 0. They 

showed that there exists a unique global-in-time mild L^-solution of (I 1.51) satisfying 
both L^-asymptotic stability and L°“-asymptotic stability if ||xo|1l 3, ||w||i3/(i-e), 
lla^llL^/fi+o j II Vw||j;^3/(2+s), and || Vw||j;^3/(2-e) are sufficiently small. Under the same 
assumptions in [S] , Bae and Roh [T] investigated the decay rate with respect to time 
of L^-solutions of (I 1.5p when the initial datum is in a weighted Lebesgue space. 
Therefore the main results of this paper are the generalization of a part of their 
results. A key tool of their methods is U’-L'^ estimates for the Oseen semigroup. 
However, since our assumptions on w is weaker than those of |13j . |41j . [8], we 
cannot directly apply their method to show the stability (I 1.6I1 - (I 1.13L 
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In order to overcome the difficulties mentioned above, we use an equivalent norm 
on the Lorentz norm: 


II/IIl?,- < c sup \{f,4')\ for / e 

where l<g<oo, l<r<oo, l/g + 1 /q' = 1, 1 /r + 1/r' = 1, apply LP-L'^ type 
estimates for the Oseen semigroup: 


and make use of the following properties of the Oseen semigroup: 


L^’ 


More precisely, we apply an equivalent norm on the Lorentz space and LP-L‘> es¬ 
timates for the Oseen semigroup to show the existence of a unique global-in-time 
generalized mild solution of the system (I 1.51) satisfying L^’°°-asymptotic stabil¬ 
ity. Using the L^-L'^ type estimates for the Oseen semigroup, we establish the 
existence of a unique global-in-time mild solution of the system (I 1.5p satisfying 
L°°-asymptotic stability. We make use of both the above estimates for the Os¬ 
een semigroup and fractional powers of the Oseen operator to show that the mild 
solution is a strong solution of the system (j 1.51) . 

Let us briefly explain our idea of deriving L°“-decay for mild solutions of the 
system (I 1.51) . We first apply a duality argument to have 


< ||e-‘^a|Uo 


C sup 

0e[Co“]h ||0ILi<i 

rt 


(e 2 ^P(z;,V)w,e 2 ^ P(j))di 


C sup 


(e 2 ^P{(u, V)r(;-t-(w, V)u}, e 2 P(j))ds 


IQ 


Next we use the Cauchy-Schwarz inequality and LP-L1 type estimates for the Oseen 
semigroup to derive L°°-decay for our solutions. This is one of the key ideas of this 
paper to show the stability. 

Finally, we state some results on L^’°°-solutions of incompressible fluid systems. 
Yamazaki [45] showed the existence of a unique generalized mild L”’°“-solution of 
the Navier-Stokes system with time-dependent external force in unbounded domains 
in R". He derived the decay rate with respect to time of his solution by studying 
the time-dependent external force. Hishida-Shibata [18] considered the stability of 
the Navier-Stokes flow in an exterior domain to a rotating obstacle. They derived 
LP-L1 estimates for the semigroup whose generator is the Stokes operator with 
both the Coriolis and centrifugal forces to show the existence of a unique global- 
in-time generalized mild L^’°°-solution, satisfying Li{q > 3)-asymptotic stability, 
of their system. Kang-Miura-Tsai [20] showed the existence of a unique very weak 
^3,oo-soiution of the Navier-Stokes system with non-decaying boundary data. They 
studied the stability of the solution when the initial datum is asymptotically self¬ 
similar and the external force is time periodic. 
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1.3. Notation. Let us introduce some fundamental notation. 

For m e N, and 1 < q,r < oo, the symbols denote 

the usual Lebesgue space, the Sobolev space, and the Lorentz space with norms 
l|■|U‘'(= l|•|lL«(n)): l|•|k”‘’‘'(= ll-llvF^.-'Cn)), and ||•||L«.’'(= IMlL«v(n)), respectively. 
See Subsection [Jd] for the Lorentz spaces. 

By P, we denote the Helmholtz projection, that is, P : —>■ 

See Subsection 12.21 

Let X be a Banach space, and £/ a linear operator densely defined in X. The 
symbols X* and £/* represent the dual space of X and the dual operator of £/, 
respectively. 

Let X be a Banach space, and s/ a linear operator on X. The symbols D{s/), 
R{£!/), and N{i^) represent the domain of s/, the range of .e/, and the null space 
of , respectively. When ^ generates a semigroup on X, we write the semigroup 
as . We also write the dual seirrigroup of e*'^ as e*'®^ . 

We will use the syirrbol C to denote a positive constant. We write C{r]i,r] 2 ) if 
the constant C depends on certain quantities ? 7 i,? 72 - However, the dependency on 
H is usually omitted. 

1.4. Outline of this Paper. In Section [21 we study the Lorentz spaces the 
solenoidal spaces and Lq’^, the Helmholtz projection P, the Oseen operator L, 
and the Oseen semigroup e“*^. We first give fundamental properties of the Lorentz 
spaces, the solenoidal Lorentz spaces, and the Helmholtz projection. Next we study 
the dual semigroup of the Oseen semigroup, and derive L^-L'^ type estimates for the 
Oseen semigroup by applying PP-L'^ estimates for the Oseen semigroup, a duality 
argument, and the real interpolation theory. Finally we study fractional powers of 
the Oseen operator in L®’’" and derive key estimates for the Oseen semigroup . 

In Section [31 we prove Theorems 11.101 and 11.111 We first derive basic properties 
of the global-in-time generalized mild solutions of the system (I 1.51) . Applying an 
equivalent norm on the Lorentz space, L^-L'^ estimates for the Oseen semigroup, 
and a contraction mapping theory to establish the existence of a unique global- 
in-time generalized mild solution of the system () 1.511 . Moreover, we investigate 
L^’^'-asymptotic stability of the solution when the initial datum belongs to 

In Section |4l we give the proof of Theorem 11.121 We first construct a unique 
local-in-time mild L^>°°-solution of the system (I 1.51) by using both an equivalent 
norm on the Lorentz norm and L^-L'^ type estimates for the Oseen semigroup. 
Next we apply the uniqueness of the generalized mild solutions of (I 1.51) and the 
existence of a unique global-in-time generalized mild solution of (I 1.51) to construct a 
unique global-in-time mild solution of (I 1.51) . Finally, we investigate L°“-asymptotic 
stability of the global-in-time mild solution. 

In Section |5l we show the existence of a unique global-in-time strong solution 
of the system (j 1.5p to prove Theorem 11.131 Applying fractional powers of the 
Oseen operator and some estimates for the Oseen semigroup, we prove that the 
mild solutions obtained by Section 0| are strong solutions of (I l.Sp . 

In the Appendix, we characterize the Lorentz norm by using the measure theory 
and the definition of the Lorentz norm. 

2 . Preliminaries 

In this section we prepare key tools to prove Theorems 11.10111.131 We first re¬ 
call fundamental properties of the Lorentz spaces. We state useful inequalities to 
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analyze the system (I Secondly, we study solenoidal L'^’^’-function spaces and 
the Helmholtz projection on the Lorentz spaces (l<g<oo,l<r<c»). Thirdly, 
we consider the Stokes operator and the Oseen operator in a solenoidal L'J’’’-space. 
More precisely, we observe that the Oseen operator generates an analytic semi¬ 
group on and characterize the dual operator of the Oseen operator in 

(r 7 ^ oo). Fourthly, we state well-known L^-L'^ estimates for the Oseen 
semigroup. Using the estimates, the real interpolation theory, and a duality 

argument, we derive L^-L^ type estimates for the Oseen semigroup. Fifthly, we 
study fractional powers of the Oseen operator in Especially, we deal with 

fractional powers of the Oseen operator in and Finally, we derive 

useful estimates for the Oseen semigroup to show the existence of a strong solution 


of CHS]). 


2.1. Lorentz Spaces. Let us recall the Lorentz spaces. For 1 < q < oo and 
1 < r < oo 


:= {/ e ||/||i„.(a) < +oo} 


with 



Here 



f*{t) := inf{(T > 0 ; ^{x € H; |/(x)| > cr} < t}, t> 0 , 


where denotes the 3-dimensional Lebesgue measure. For all 



Appendix for details. From [6j Section 3.3], [3j Chapter 1], and [2j IV Lemma 4.5], 
we see that is a Banach space when 1 < g < oo and 1 < r < oo. We also see 

that when 1 < g < oo and that = L^(f2). Furthermore, 

we find that C^{n) is dense in if 1 < g < oo and 1 < r < oo. From [33l 

§1.4.2 and Corollary 1.7], we obtain 

Lemma 2.1. Let l<qi<q<q 2 <oo and 1 < r < oo. Then there is C = 
C{qi,q, q 2 ,r) >0 such that for all f S fl 


i-e 

L11, 



( 2 . 1 ) 


ll/IU-<c'll/ll 


Here 9 = {52(9 - qi))/{q{q 2 - gi)}. 

From [21 Chapters 2 and 4], we have the two lemmas. 

Lemma 2.2. Let 1 < g < 00 and 1 < ri < r2 < 00. Then there is C = 
C{q,riH 2 ) >0 such that for all f € 

( 2 . 2 ) 


II/I|l«-2 <C1|/1U„.1. 
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Lemma 2.3. Let 1 < < c» and \ < r,r' < oo such that 1/q+l/q' = 1 and 

1/r + l/r' = 1. Then for all f G and g G (O)]^, 

(2.3) I(/,5)I<II/IU-II5|Il.',^'. 

ffere L^’^(O) := L^(ft) and := L°°{Ll) for 1 < £ < oo. 

Next we state the weak Holder inequality. 

Lemma 2.4. (i) [3T1 Proposition 2.1]Let 1 < 9 ,( 71,92 < 00 and 1 < 'ri,r ’2 < 00 
such that 1/9 = 1/91 + 1 / 92 - Then there is C = C{q, 91 , 92 , ti, r 2 ) > 0 such that for 
all f G and g G 

(2.4) WfgWLi’’- < C'||/||L91.ri || 9 ||i, 2,'-2 , where r := niin{ri,r 2 }. 

(ii) Let 1 < q < 00 and 1 < r < 00 . Then for all f G L^’’'(H) and g G L^{Ll) 

(2.5) ll/fflU"'’- < ll/IU‘''’-||5lli“. 

Combining the usual Holder inequality and the Marcinkiewicz interpolation the¬ 
orem gives the assertion (ii) of Lemma 12.41 See also the proof of Lemma 8.2 in 

m- 

Finally, we describe a characterization of the Lorentz norm || ■ \\Lir. 

Lemma 2.5 (Equivalent norms for the Lorentz space). 

(i) Let 1 < 9 , 9 ' < 00 and 1 < r,r' < 00 such that I /9 -|-1 /q' = 1 and 1/r + l jr' = 1. 
For eachf = {f\f\p)G[L<i’-{n)f, 

ll/IU..^(n) := II/IIl.v ^ l|y/CrF + W + WlU«v, 

WfWvi.rin) ■■= max {||/^||L,,r}, 

\\f\\zi.-m-= sup KfA)]- 

11011^,/,./<1 

Then there is Ca = C/s{q,r) > 0 such that for all f G [L‘^’’'(H)]^ 

WfWx.^r < CaII/IIy.V < C^\\f\\z..r < C^\\f\\x..r. 

Moreover, assume in addition that r ^ 1. Then 

||/IUi.''(n) = sup \{f,4')\- 

0G[cg“(n)]3. 11011 ^,, ,,,<1 

(ii) There is C > 0 such that for each f = (/^, /^, /^) G [L°“(H)]^ 

(2.6) ||/||l“<C' sup |(/,<)>)|. 

0G[Co“(n)]3. ||0||^i<i 

The Appendix gives the proof of the assertion (i) of Lemma 12.51 

2.2. Solenoidal Spaces and Helmholtz Projection. We first state the dual of 
the solenoidal space Lf’^{Ll). From [Sj Section 3.7] and [H Theorems 5.2 and 5.5], 
we obtain 

Lemma 2.6. Let 1 < q,q' < 00 and 1 < r,r' < 00 such that l/q + 1/q' = 1 and 
1/r-I-l/r'= 1. Then, 

(i) 7/1 < r < 00 , then is dense in 

(ii) 7/ 1 < r < 00 , then the dual of Lf’^{Ll) is Lf (17). 

(iii) The dual of Lq’^ (LI) is Lf’^{Ll). 
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See Definition [ni for the solenoidal spaces C§°^{n), and Lq’“(D). 

Next we introduce the Helmholtz projection. Fix 1 < q < oo and 1 < r < oo. 
From [31 Theorem 5.2], we see that 

L^n) = {/ G V • / = 0, / • v\oa = 0}. 

We also see that 0 Gq^riP), where 

Gq,rp) := {Vp G p G Lllp)}. 

Lemma 2.7. [H Theorem 5.2] There exists a linear operator P with the three 
properties: 

(i) For each 1 < q < oo and 1 < r < oo there is G = G{q,r) > 0 such that for all 
f G 

(2.7) ||P/||l.,^ < C||/|U<.^, 

Pf G Lrp). 

(ii) Let 1 < q < oo and 1 < r < oo. Then for all g G Lf^'^p) 

Pg = 9- 

(iii) Let 1 < q,q' < oo and 1 < r,r' < oo such that 1/q+l/q' = 1 and 1/r+l/r' = 1. 

Then for every f G [L‘^’’’(D)]^ and g G [L^ (D)]^ 

{Pf,g) = {f,Pg). 

See also [44] . and [39l Lemma 1.1] for the Helmholtz projection. Now we study 
the function spaces L^’°°P) and Lq “(D). 

Lemma 2.8. Let 1 < q < oo. Set 

Ll'^p) = C')j°(D)"'""''’'”. 

Then 

P : [Lg’“(D)]3 ^ Lg;“(D). 

Proof of Lemma lKR Fix q G (l,oo) and e > 0. Let / G [Lq’“(D)]^. By the 
definition of the function space Lq “(D), there is /o G [C)j”(D)]^ such that 

(2.8) ||/-/o||l..» <£. 

Since P/o G Lfp), we take /i G C')j°^(D) such that 

(2.9) l|i"/o-/i||L. <^. 

Using (I 2.7|) . (I 2.21) . (| 2.81) . and (I 2.9L we check that 

117^/ - <||7^/ - + ||7^/o - 

<^11/ - /oIIl..- + C||P/o - Ml. < Ge. 

Since fi G (^“^.(D) and e is arbitrary, therefore the lemma follows. □ 

Applying Lemmas 12.5112.71 we have 

Lemma 2.9. Let 1 < q,q' < oo and 1 < r,r' < oo such that l/q+ 1/q' = 1 and 
l/r + 1/r' = 1. Then there is C = C{q,r) > 0 such that for every f G L^’^'p) 

(2.10) \\f\\L..-<G sup \{f,T)\- 
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In particular, if r 1, then 

( 2 . 11 ) 


Proof of Lemma 


f\\L^.r<C sup \{f,p)\- 

Fix / € From Lemmas 12.5112.71 we observe that 

||/||lo>>-< c sup \{f,4')\ 

11011 ^,,,,, <1 

=C ^ ^sup \{f,P(f>)\ 

0 = 01+02, , tp2&Ggiy ||0||j^g',r' <1 

=C sup l(/,<('i)l- 

0ieT’'''-', ||0i||^,/,,/<i 

Therefore we see that 

II/IIlov < C sup \{f,p)\- 

Since is dense in Lf ’’’ (11) if r' ^ oo, we deduce (I 2.111) . 


□ 


2.3. Oseen Semigroup and Its Dual Semigroup. Let us now study the Stokes 
operator and the Oseen operator in a solenoidal L'^’^'-space. Fix 1 < g < oo, 
1 < r < oo, and Moo £ We define the three linear operators A, L, and L* in 
Lvm by 

U = A.r = P(-A)/, 

\d{A) = D{A,,,) = {/ e Lrm flan = 0, ||V/||z+.. + \\Vff\\L..^ < +oo}, 

f L = L,,, = P{(-A)/ + (moo, V)/}, 

\d{L) = D{Lg,r) = D{Ag^,). 

iL*=Ll, = P{{-A)f-{u^,y)f}, 

\d{L*) = DiLl,) = D{A,,r). 

We call Aq^r the Stokes operator in L^’’’(0) and Lq^r the Oseen operator in L|’'’(ll). 
From the argument in [H Sect.5], [42], and the resolvent estimates for the Oseen 
operator in laiHi, we have 

Lemma 2.10. Let 1 < q < oo and 1 < r < oo. Then 

(i) There is C = 0(0, q,r) >0 such that for all f £ D{Aq^r) 

I|V/||l„^ + < 0(||24,,,/|U„. + ||/iu„0. 

(ii) Each operator —Aq^r> ~Lq,r o,nd —L* ^ generates an analytic semigroup on 

pvm- 

(hi) If r ^ oo, then each operator —Aq^r, —Lq^r, and —Lq ^. generates a Co¬ 
semigroup on L'^^(Tl). 

See also [HI, m for the Oseen semigroup in exterior domains, and 0, M for the 
Stokes semigroup in exterior domains. 

We characterize the dual semigroup of the semigroup e”*^"’’’. 

Lemma 2.11 (Characterization of the dual semigroup of e“*'^‘*v). 

Let 1 < q < oo and 1 < r < oo. Let (Lq^r)' be the dual operator of the operator Lq^r 
in Lf’^in). Then (L,,^)' = L*,y and D((L,,,.)') = D{L*,y). Here 1/q+l/q' = 1 
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and 1/r + 1/r' = 1, where l/oo := 0. Moreover, for all f € g G (fi), 

and t > 0 

( 2 . 12 ) = 

Proof of Lemma \2.11[ Let 1 < q < q' < oo and 1 < r < r' < c» such that 
l/q+ 1/q' = 1 and 1/r + 1/r' = 1, where r' := oo if r = 1. Fix q,q',r,r'. Since 
g-tA^.r jg Co-semigroup on it follows from the Hille-Yosida theorem or the 
Lumer-Phillips theorem that D{Lq^r) is dense in Therefore one can define 

the dual operator of the operator Lq,r- It is easy to check that for all / G D{Aq^r) 
and g G D{Aqiy) 

(Lq^rf^g) = (P{-A/ + (woo,V)}/,g) = (/,P{-A/- (moo,V)}5 ) 

= {f,L;,yg) = {f, {Lqjg). 

This implies that {Lq^r)' = L*,y on D{Aq/y). Fix cfi G D{{Lq^r)')- By the 
definition of the dual operator, there is h G Lf (fl) such that for all / G D{Aq^r) 

Now we show that (pi G D(Aq/y). Since e”*'^'*-’’ and are analytic semi¬ 
groups, we find 77 > 0 such that 77 G p{—Lq^r) H p{—L*, Since 77 G p{—L*, ^,) 

and h G (O), there is (j >2 G D[Aqiy) such that 

{Lq,y +»7)/>2 = h. 

Next we prove that {L*, + 77 ) is injective. Let (ps G D[Aqiy) such that for all 

/ e D{Aq,r) 

0 = (/: {L*qpr' + ^)</ 3 ) = {{Lq,T + V)f, h) ■ 

Since 77 G p{—Lq^r)j we find that pg = 0. Therefore we see that {L*, + 77 ) is 

one-to-one. It is easy to check that for all / G D{Aq^r) 

0={f,h)-{f,h) 

= {f,{Lq,rYPl}-{f,L;,yP2) 

= {f,L;,yiPl-P2)). 

Thus, we see that pi = p 2 - This implies that pi G D[Aq'y), that is, D{{Lq^ry) C 
D{Aqjy). Therefore we conclude that {Lq^r)' = L*'y and D^^Lq^r)') = D{Aqpr')- 
Finally, we deduce (I 2.12L We see at once that for / G L%’''{Vl) and g G L‘f'^ (fl) 

{{\ + Lq^r) ^ f, 9 ) ={{^ + Lq^r) ^ f ,r') 

={fAX + L;,y)-^g) 

if A G p{—Lq^r) n p{—L*, Therefore we see (I 2.121) . Remark that A G p{—Lq^r) 
then A G p{—L*, ^,) and (A -I- L*, = ((A -I- Lq^r)~A*■ See [101 Lemma 10.2 in 

Chapter 1]. □ 

From Lemma [2. Ill we observe that for all / G g G L% ’'^(11), and f > 0 

{e-*^-^f,g) = {f,e-^^l',-g). 

Therefore we consider as the dual semigroup of 

Next we study the Oseen operator in Lg 
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Lemma 2.12. Let 1 < q < oo. Set 

{^= = P{(-A)/ + (Moo, V)/}, 

= {/ e /Ion = 0, ||V/|U„c» + ||V2/IU.>- < +oo}. 

Then —Afg,oo generates an analytic Co-semigroup on Lg’^(f2). Moreover, if \ < 
<7 < 3, then € Lq’°“(0) for each t > 0 and f G LQ'^(fl). 

Proof of Lemma, V2.12[ Fix 1 < g < oo. We first show that —.ifg,oo generates an 
analytic semigroup on Lg “(11). Since is an analytic semigroup on Lf’°°{VL), 

we see that there are C = C(fl, 7 ,g) > 0 and 77 = 77 ( 11 , 7 , 9 ) > 0 such that for all 
/GL9’°°(11) andt> 0 , 

(2.13) G L«’“(ll), 

(2.14) ||e-‘^-“/||L„== <Ce''*||/|U„oo, 




q,oo' 


\Li.’ 


^/ll 


L 9.00 ^ 


\Li.’ 


(2.15) 

Since = Pq.oo on Lg’“(ri), we only have to prove that for t > 0 




if / G Lg’“(ri). Fix t > 0 and / G LQ’“(n). By the definition, there are /„ 
such that 

lim 11/-/mlU^.oo = 0. 

m—¥oo 

Since (^“^(fl) C L%{Ll) C Lg “(H), we find that for each tti G N 


G Lg;“(ll), 




0,CT 

-“/™ G Li'^{n). 
By (I 2.14|) and () 2.15F we observe that as m —?► 00 

||e-‘^-“/ - e-‘^Vm||L7.=o < Ce’'‘||/ - /^||l,.=o 


0 , 


11 p , 00 

11 °^ < 7 , 00 ^ 


— tLr 


U\L^.^<Ct-^e^^f-U\L^ 


0 . 


^< 7 , 00 ^ * / 

Therefore we see that — Afq_oo generates an analytic semigroup on Lg’“(n). 

Next we prove that —Lq,oo generates a Co-semigroup on LQ’“(ri). Fix / G 
LQ’“(ri) and e > 0. By definition, there is /o G C(j“^(ri) such that 

11 / - /o||l<!'“ < £• 

Using (I 2.141) . we check that for 0 < t < 1 
||e-‘^-“/-/||j 


|L7.< 


< lie 




"/ —e ‘■^‘*’“/o||l 7.“-I-||e ‘■^"’“/o —/o||l 7.“-I-ll/o —/||l7.“ 

< C\\f - /oIIl^oo + C||e-‘^Vo - /o||l« < Ce as t ^ 0 + 0. 


Here we used the fact that e is a Co-semigroup on L%{VL). Since s is arbitrary, 
we find that 

^-‘^“•“/-/lU^.oo =0. 


lim ||e 
t->o-i-o 


Therefore we conclude that e 


—tS£„, 


is a Co-semigroup on LQ’“(ri). 
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We now assume that I < q < 3. From Lemma [2.131 we find that for each t > 0 
and / e 

By the previous argument, we see that G Lg for each t > 0 and 

/ € Lg’“(fl). Therefore the lemma follows. □ 

2.4. Type Estimates for the Oseen Semigroup. Let us derive L^-L^ 

type estimates for the Oseen semigroup. Applying LP-L‘^ estimates for the Oseen 
kernel, the real interpolation theory, and a duality argument, we obtain U’-L‘‘ type 
estimates for the Oseen semigroup. 

Throughout this subsection we assume that |moo| < 7 for some 7 > 0, and the 
symbols L and L* represent the two linear operators defined by Subsection 12.31 


We first state well-known L^-L^ estimates for the Oseen semigroup. Applying 
the real interpolation theory and the estimates for the Oseen semigroup obtained 
by [ 2 ^ and m, we have 

Lemma 2.13 {LP-L‘^ estimates for the Oseen semigroup (I)). 

(i) Let 1 < p, g < 00 and 1 < r < 00 such that p < q. Then there is C = 
C{'y,p,q,r) > 0 such that for all t > 0 and f G LP’’'(fl) 


(2.16) 


lie *^f\\L..r<Ct ^)||/||lpv, 


(2.17) 


lie *^‘f\\L^.<Ct i^ll/IUrv. 


(ii) 

Let 1 < 

p,q < 3 and 1 < r < 00 such that p < q. 

Then there is C = 


C{l,p,q 

', r) >0 such that for all t > 0 and f G LP’^(LI) 


(2.18) 


live ‘VlU-<Ct ^ -^'>\\f\\L.,r, 


(2.19) 


live /||l„^ <0^ = ^>||/||lp,- 


(iii) 

Let 1 < 

p,q <3 such that p < q. Then there is C = 

C(pi,p,q) > 0 such 


that for 

allt>0 and f G Lg’“(f2) 


(2.20) 


live ‘^/||l„=o <Ct = =(5 i)||/|U..oo, 


(2.21) 


live /||l„oo <0^ = =( 5 ; i)||/|Up,o.. 


(iv) 

Let 1 < 

p < 00 . Then there is C = C( 7 ,p) >0 such that for all t > 0 and 


/ e LP{n) 


(2.22) 


||e-‘VllL=o<Ot-^^||/|Up, 


(2.23) 


||e-‘^*/IU==<Ct-^||/|Ur. 


(v) 

Let 1 < 

p,g < 3 such that Ijp— 1/g = 1/3. Then there 

is C = C{‘^,p) > 0 


such that for all f G L^’^(O) 


(2.24) 


pco 

/ llVe-^^/IU.idt^C'll/IUp.i, 

^0 


(2.25) 


pOO 

/ \\ye-^^‘f\\L.ndt<C\\f\\LPn. 

Jo 
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Combining the local energy decay of the Oseen semigroup derived by [26] and 
[7], LP-L‘^ estimates for the Oseen semigroup, the interpolation theory, and an 
argument similar to that in [5] and m Sections 7,8], we deduce the properties 
(i)-(iv) of Lemma [2.131 See |36l Theorem 2.1] for the property (hi) when Uoo = 0. 
Note that is dense in Lq’^(Q). See |42l Section 5] and (TU Lemma 8.4] for 

the proof of the assertion (v) of Lemma 12.131 See also [45] and |42l Section 5]. 

Now we use Lemma l2.13l and the real interpolation theory to prove the following 
lemma. 

Lemma 2.14 estimates for the Oseen semigroup (II)). 

(i) Let 1 < p, q < oo such that p < q. Then for each 1 < ri,r ’2 < oo, there is 
C = C{'j,p,q,ri,r 2 ) > 0 such that for all t > 0 and f € [^^’’’^(O)]^ 

(2.26) l|e-*^P/llL..^i <Ct-^^-p--^'>\\f\\L..r,, 

(2.27) ||e-‘^>/l|L.vi <Ct-i^i-^^\\f\\Lp>r,. 

(ii) Let 1 < p,q < 5 such that p < q. Then for each 1 < ri,r 2 < oo, there is 
C = C( 7 ,p, g, ri, r 2 ) > 0 such that for all t > 0 and f € [L^''^^ (Ll)]^ 

(2.28) ||Ve-*^P/l]L„n <Ct-i-^^i--^^\\f\\LP.^2, 

(2.29) ||Ve-‘^*P/llL,..i <Ct-i-i^^--^'>\\f\\LP.P2. 

Proof of Lemma \2.14\ Let 1 < p, g < oo such p < q. We first show that there is 
C = C(p, g) > 0 such that for every / G L^°°{Ll) 

(2.30) \\e-^^Pf\\L.n < 

(2.31) ||e-‘^*P/llL<„i < 

Set 0 = (g — »)/(g — I). It is easy to check that 0 < 0 < 1 and that I/g = 
(l-6»)/p + 6l/(pg). Since 

{LP’°°{n),LPi’°°{n))e,i = P'^’^(II), 

we use (I 2.161) to see that 

\\B-^^Pf\\L.n <Cl|e-‘^P/lli-tl|e-‘^P/l|i,,.,» 

<CllP/l||fi(t-i(i-ife)l|P/lliP,~)t^ 

<Ct-i^-p--^^\f\\Lp,^. 

Thus, we see (I 2.30p . Similarly, we have (I 2.31|) . Combining (I 2.211 . (I 2.3011 . and 
(I 2.31|1 . we obtain (| 2.2611 and (I 2.27|) . 

Since {LP'°°{LI), P^’°“(0))g_i = P'J’^(O) when 9 = {3(g—p)}/{(3—p)g}, we repeat 
an argument similar to show (i) to see (ii). □ 

Lemma 2.15 {LP-L‘^ estimates for the Oseen semigroup (HI)). 

(i) Let 1 < p, g < oo such that p < g. Then there is C = C(pi,q) > Q such that 
for all t > 0 and f G [LP{LI) O P^(n)]^ 


(2.32) 

(2.33) 
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(ii) Let 1 < p,q < oo and 1 < ri,r 2 < oo such that p < q. Then there is 
C = C'( 7 ,q,ri) > 0 such that for all t > 0 and f G 

(2.34) < Ct-5(i-i)||/|Ui, 

(2.35) <Ct-ii^--^)\\fU^. 

(iii) Let 1 < p < oo and 1 < r < oo. Then there is C = Cipj^p^ r) > 0 such that 
for all t > 0 and f G [LP’''(il)]^ 

(2.36) \\e-^^Pf\\L^<Ct-^p\\f\\L..r, 

(2.37) \\e-*^>f\\L^<Ct-^\\f\\LP.r. 

Proof of Lemma \2.15\ We first show (i) and (ii). Fix t > 0. Using (I 2. lip , the 
Holder inequality, and (I 2.23p . we see that 

||e"*^P/||Li < C sup |(/,e"‘^V)l 
< Cll/llii sup ||e"*'^VllL“ 

Here 1/g + l/q' = 1. Thus, we have (I 2.321) . Similarly, we see (I 2.331) . Applying 
(I 2.32|) . (I 2.331) . and (I 2.11) . we deduce (ii). 

Next we show (iii). Fix t > 0. By (I 2.6F (I 2.31) . and (I 2.351) . we observe that 

||e-‘^P/IU~ < C sup |(/,e-‘^*P<^)| 

0e[Co“]b 11011^1 <1 

< C'll/lliP.r sup P(i>\\^py 

which is (I 2.36p . Similarly, we have (I 2.37p . Therefore the lemma follows. □ 

Now we derive L^-L'^ type estimates for the Oseen semigroup. 

Lemma 2.16 (L^-L'^ type estimates for the Oseen semigroup). 

Let 3/2 < p, <7 < oo and 1 < ri, r 2 < oo such that p < q. Let j G {1, 2,3}. Then 
there is C = C( 7 ,p, g, ri, r 2 ) > 0 such that for all f G [C“(f2)]^ and t > 0 

(2.38) \\e-*^Pd,fh..o 

(2.39) ||e-‘^>a,/||i„.i 

Proof of Lemma \2.1b\ Set £ = (p + g)/2. Applying (I 2.2F (I 2.10p . (j 2.3F and 
(I 2.271) . we check that 


\\e-^^Pd,f\\L..o < C\\e-^^Pd,f\\L„i 


< C sup 

|(e '^^Pdjf,e 2 ^*p)| 


.<1 

< C||e-t^Pa,/|Uc» 

sup 


llvllj^g',oo<l 




(2.40) 


< Ct 
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Here l/£+l/£' = 1 and 1/g+l/g' = 1. Note that > q' since q> £. Using (j 2.10j) . 
(I 2.3[l . and () 2.19|1 . we observe that 

\\e~^^Pdjf\\Li,^ <C sup |(/,-aje“5'C'V)l 

< C'||/||lp ,^2 sup ||Ve“2^VlliP'.ri 

WvW^e',i<1- 

<C\\f\\LP.-2 sup ||Ve"5^VllLpM 

WvWj^e',1<1- 

(2.41) <Ct~^~^(^~p)\\f\\LP,P2. 

Note that p' < 3 since 3/2 < p. Combining (I 2.401) and (I 2.41D gives 
||e *^Pdjf\\Li’Pi < Ct ^ ||/||lpv 2 ■ 

Thus, we have (| 2.381) . Similarly, we obtain (j 2.391) . □ 

2.5. Fractional Powers of the Oseen Operator in the Lorentz Space. In 

this subsection we study fractional powers of the Oseen operator. Let Lq^r and 
L* j. be the two operators defined by Subsection 12.31 Since is a uniformly 

bounded Co-semigroup on L^’’'(S7) if 1 < g < oo and 1 < r < oo, one can define 
fractional powers of the operator (Lq,r + r]) for p > 0. More precisely, for each 
0 < C < 1, we define := lim^_>o+o(Cg.r -f qYf, := -f vY)- 

Since is an analytic semigroup on L^’’’(U), we apply [301 Theorem 6.13 in 

Chapter 2], we obtain 

Lemma 2.17. Let 1 < q < oo and 1 < r < oo. Then for each 0 < C < 1 and p > 0 
there is C = C( 7 , p, r, </, p) > 0 such that for each t > 0, f € g G D{L‘^ ^), 

and h € D{{L*^^Y)i 

(2.42) ||(L^, +^)Ce-‘C,.;||^,., < 

(2.43) +^)Ce-‘i),./||^„. < ct-fe''*||/|U,.., 

(2.44) - pIIl'!,- < CfP^^WiLq^r P vYgWhi^p^ 

(2.45) \\e-^K.h - < CYe^*\\{Ll^ + p)^/i||i„r. 

See also [OH Lemma 3.13 and the proof] for details. 

We introduce fractional powers of the Oseen operator Lq^oo in LV°°Y^)- Let 
1 < p, p' < oo such that 1/p -I- 1/p' = 1. For each 0 < C < 1 and p > 0, we define 
{Lq^oc +qY as follows: for all g G D{{L*, -^Y) 

{{Lq,oc + qYf, g) '■= (/: (l^m + vYg) 

and 

Di{Lq,oo + vY) ■= {/ £ L^’°°(U); ||(Lq,oo + < +Oo}. 

Moreover, for 0 < ^ < 1, we define in as follows: g G D{{L*, ^)^) 

{Lioof, g) ■= Lm (/, (L*,_i -f riYg) and := D{{Lq^^ + 1)'’)■ 
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Note that D{{Lq^oo + »7)^) is not empty. In fact, by definition and Lemma [2.91 we 
check that for each / G D{Lq^oo) 

11(^9.00 /lUo.” < C' sup |(/, (L*, +?7)V)I 

= C sup \{f,{L*,j+Tj){L*,^+r])-^^-‘^^ip)\ 

= C sup |((L,,oo+??)/, 

< C'(»7)ll(^g.oo +»7)/|U«.->. 

Here we used that fact that ^ C'(C, ? 7 )||i^||i 5 ',i. 

Now we study fractional powers of the operator Lq^oo- 

Lemma 2.18. Let 1 < q < oo. Then for each 0 < ^ < 1 and rj > 0 there is 
C = C{-j,qX,v) > 0 such that for each t > 0, f G g G D{L^^), and 

hGD{{Ll^)i), 


(2.46) 

(Lq.oo + ??)^e 

°°f\\Ll'°°^Ct ‘’e’^^ll/llig.oo , 

(2.47) 

||(Lg,oo + 


(2.48) 


= < C't^e’'‘||(L,,oo + ?7)^fflk‘>. 

(2.49) 




Propf of Lemma \2.18\ We first show (I 2.461) . By definition, (I 2.111) . (I 2.3p . and 
(I 2.43L we see that 

||(Lq,oo< C sup |(/,e“‘^^.i(L*,_^+77)^</j)| 

< C'II/IIa‘!'“ sup ||(L*, 1+r7)^e“‘^‘iM<^||^,M 

< C't“‘^e’’‘||/||L<,,oo, 

where 1/qPl/q' = 1. Thus, we see (I 2.461) . Similarly, we have (I 2.471) . 

Next we show (| 2.48|) . Using Lemmas 12.91 and 12.171 we check that 


l|e /Hi?.- < U sup |(/, (e - l)(^)| 

= C sup |((Lq.oo- 1)(L*1 

< Ct^e'^^W {Lq^oo + v)‘'f\\Li.' 


Therefore we see (I 2.481) . Similar, we obtain (I 2.491) . 


□ 


Finally, we prove a key lemma. 

Lemma 2.19. Let 1 < q < 3, g > 0, and 1/2 < (/ < 1. Then there is C = 
C{q, ?7, C) >0 such that for all f G D(Aq^i) 

(2.50) ||V/|U„i <C||(L,,i+77)VlU.a, 

(2.51) ||V/|U,a <C||(L;i+77)«/|U,a. 

To prove Lemma |2. 191 we prepare the following two lemmas. 
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Lemma 2.20. [45l Theorem 2.1] Let I < q < S. Then there is C = C{q) > 0 sueh 
that for all f £ 

(2.52) ||V/|U,T 

Lemma 2.21. [40l Theorem 6.12 in Chap.2] Let X be a Banach space and || • ||jf 
its norm. Let : D{s^)(g X) ^ X be a closed linear operator densely defined 
in X. Let ^ X) ^ X be a closed linear operator on X sueh that 

D{s^) C D{t3§). Let 0 < a, C < 1 such that a < (. Suppose that 0 £ Assume 

that there is C > 0 such that for all e > 0 and f £ D{j^) 

IWIU<£'-“IK/IU + Ce-“||/|U. 

Then there is C = C(() > 0 such that for all f £ D{£/) 

ll^/IU < qK^/IU. 

Let us attack Lemma [2. 191 

Proof of Lemma \2.19\ . We only show () 2.501) since the proof to derive (I 2.511) is 
similar. 

We first show that for each rj > 0 there is C = (^(ry) > 0 such that for all 
/ e DiAg^i) 

(2.53) ll^g.i/llio,! < C'lKLq^i + 77)/||2 ,<i,i. 

Fix / £ D{Aq^i). Applying (| 2.52|1 . the moment inequality, and the Young inequal¬ 
ity, we check that 

llA.i/IUra < ||(L ,,1 +r7)/||L.T +C||V/|U,T +C||/|U ,,1 

< C||(L,.i + 77)/|U„i + CjlAj/f/IU,,! + CWfU.n 

C\\{Lq,l + 1l)f\\Lin + -^W^qpfWLin + Cjl/jlig,!. 

Since ||/||l<i,i < C||(Lg,i +r])f\\Lin, we have (I 2.531) . 

Next we prove that there is C > 0 such that for all / £ D{Aq,i) 

f\\Lin < £^^^11(1/5,1 -I- ?7)/||l9.i -I- C^yt^II/IIl,,!. 

Fix / £ D{Aq i). Using (I 2.521) the moment inequality, we see that 

<C|l(L,.i+ry)/|li,,||/||i,, =: (RHS). 

The Young inequality shows that for each £ > 0 

(RHS) < £2 \\{Lq^i + ?7)/||l<i,i -I- C'£ 2 11/11^9,1. 

Applying Lemma [2.211 we see that for each 1/2 < ^ < 1 there is C = C{() > 0 
such that for all / £ D(Aq^i) 

\\yf\\L.n<C\\{Lq,,+p)<fU.n. 


Therefore the lemma follows. 


□ 
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2.6. Key estimates for the Oseen semigroup. Throughout this subsection we 
assume that |uoo| < 7 for some 7 > 0, and the symbols L and L* represent the two 
linear operators defined by Subsection 12.31 The aim of this subsection is to prove 
the following lemma. 


Lemma 2.22. 

(i) Let 1/2 < ^ < 1 and 0 < a < 1/2 such that </ + a < 1. Let 1 < p,? < 3 and 
1 < r < 00 such that p < q. Then there is C = (^( 7 , (/, a,p, g, r) >0 such that for 
all ti,t 2 > 0 and (j) € 


(2.54) ||V{(e-‘^^ - l)e-‘^^P</}|U,.i < 

(2.55) ||V{(e-‘^^* - l)e-‘^^></.}|U„i < Ct“e^+‘^(ti)-«-“-^(^-^)||0|U.,.. 


(ii) Let j G {1, 2, 3}, 0 < a < 1, and 3/2 < g < 3. Then there is C = C{-y, a,q) >0 
such that for all ti,t 2 > 0 and (f € [C 0 “( 11 )]^ 

(2.56) ||(e-‘^^ - < C't?e'^+*=(ti)-“-^('-^)||/>||^3.,, 

(2.57) ||(e-*=^* - l)e-*^^>a,</|U,A < 

(iii) Let 0 < a < 1 and 1 < g < 00 . There is C = C(pf, a,q) >0 such that for all 
ti,t 2 > 0 and (f G [C)(°(ll)]^ 

-* 2 L* _ < Ct^e^+*^(t2)-“-5('-^)||0|Ui. 


(2.58) 

||(e-‘=^-l)e- 

(2.59) 

||(e-‘=^*-l)e- 


Proof of Lemma\2f2^ We first derive (I 2.5411 to prove (i). Fix ti,t 2 > 0 and </ G 
[L^’’’’(n)]^. Using (I 2.501) . (I 2.44p . (I 2.101) . (I 2.26F and (I 2.431) . we see that 


||V{(e-‘^^ - l)e-‘i^P</}|U„i < C||(e-‘^^ - l)e-^^(L + l)«e-T^P0|U„i 
< C't“e‘=||e-^^(L + l)^+“e-Tip<^||^„i 

< Ct^e‘= sup |(e-^^P(/, {L* + l)^+“e“^^V)| 

< Ct^e*=||e"^^P(/)||i,,i sup ||(i* + l)^+“e“^■^VllL 9 ^- 

llvll^,^oo<l 


Here l/g+l/g' = l. Thus, we have (I 2.54L Similarly, we obtain (I 2.55F 

Secondly, we prove (j 2.5611 to show (ii). Using (I 2.44|) . (I 2.10L (I 2.38F and 
(I 2.42|1 . we check that 


— l)e *^^Pdjcj)\\ 

< Ct^e^^ 

< Ct^e^^lle-^i 


<Ct“e*=||e-Ti(p + l)“e-Ti'pa^.^||^„i 

sup |(e-^^Pa,</, (L* + l)“e-^^V)| 

IUIU,Coc.<l 

Pdj(j)\\L<,,i sup ||(L* + l)“e"^^VllL<,',=x= 
IUII„Coo<i 


h. 

e 2 . 


— t2L 
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Therefore we have (I 2.56|1 . Similarly, we see (I 2.57|) . 

Finally, we attack (| 2.58j) to prove (iii). By (I 2.4411 . (I 2.10|1 . (j 2.26j) . (I 2.34p . and 
(I 2.43|) . we check that 


<Ct^e^^ sup |(e“^^P<^, (L* + l)“e"^^V)| 



ll¥3|li,',oo<l 





Thus, we see (I 2.581) . Similarly, we have (j 2.591) . Therefore the lemma follows. □ 


3. Global-in-Time Generalized Mild Solution 


In this section we establish the existence of a unique global-in-tiine generalized 
mild solution of the system (I 1.51) when vq € and both ||uo||l3,oo and 

||r(;||i3,oo are sufficiently small. Moreover, we investigate the asymptotic stability 
of the generalized mild solution. To this end, we first discuss both the uniqueness 
and the weak continuity of the generalized mild solutions of (I 1.51) . and we show 
the existence of a unique global-in-time generalized mild solution of (I 1.5|) to prove 
Theorem II. 101 Secondly, we derive the asymptotic stability of the generalized mild 
solution to prove Theorem II.Ill 

Throughout this section we assume that w is as in Assumption 11.11 and that 
|uoo| < 7 for some 7 > 0. Let 3 < p < 00 and 1 < p' < 3/2 such that l/p-|-l/p' = 1. 
Fix p and p'. The symbols L and L* represent the two linear operators defined by 
Subsection 12.31 

3.1. Global-in-Time Generalized Mild Solution. We first study the unique¬ 
ness and the weak continuity of the generalized mild solutions of the system (I 1.51) . 

Lemma 3.1 (Uniqueness (I)). Let T G (0,oo]. Suppose that a,b G and 

that 


v,uGBCi{0,T);Ll’°^{n)). 


Set 


(3.1) 


(5:=max{ sup {||w(t)||L3,=o}, sup {||M(t)||L3.=o}, ||■u;||i3.oo}. 


0<t<T 


0<t<T 


Assume that for every 0 < t < T and p G 
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Then there are (5-|- = (5f(7) > 0 and > 0 such that if S < then 


(3.2) 

(3.3) 

(3.4) 


sup {\\v{t) - u{t)\\L3,^} <K-^\\a-b\\L3,^, 

0<t<T 

sup {||i;(t)||i3.=o} <is:tll«llL3.=o, 

0<t<T 

sup {||u(i)||i3,=o} <ii:tll^^llL3.-- 
0<t<T 


Lemma 3.2 (Weak continuity). Under the same assumptions of Lemma \3.1l for 
each 'i/i G 


(3.5) 


lim {v{t),tP) = 

t^o+o 


(3.6) 


lim 

t —^ 0+0 






Lemma 3.3 (Uniqueness (II)). Under the same hypotheses of Lemma \3.1[ we 
assume in addition that 


v,uec{{o,Ty,Li’^{n)). 


Then there are = i5-|-|-(7,p) > 0 and > 0 such that if S < (5ff 

then 


(3.7) 

(3.8) 

(3.9) 

(3.10) 


sup {||4;(t) - M(t)||i3.=o} <K^y\a - 6||l3,=o, 

0<t<T 


sup {t^^P ||l^(t) - M(t)||LP.°°} 

0<t<T 


sup {||w(t)||i3,«.} + sup \\v{t)\\Lp.pp} <K^y\a\\L3,^, 

0<t<T 0<t<T 


sup {||u(t)||i3,«.} + sup {t^’^p' \\u{t)\\LP.pp} <Kn\\b\\L3,^. 
0<t<T 0<t<T 


Here 6 is the constant defined by (I 3.11) . Moreover, assume in addition that a,b € 
for some 1 < r < oo. Then the two assertions hold: 

(i) 


v,uGBC{{0,TyLl’-{n)). 


(ii) There is = ^ttt(7’7'U) > 0 such that 


(3.11) 

(3.12) 

(3.13) 


sup {\\v{t) - u(t)||i3,r} <iirtttl|a - 

0<t<T 

sup {|k(i)llL3'’-} 

0<t<T 

sup {||w(t)||i3.r} <K^^y\b\\L3,r. 
0<t<T 
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Proof of Lemma \3.1[ Let us derive (I 3.2|1 . Using (I 2.11L (j 2.3|) . (I 2.4L (j 2.17j) . and 
(j 2.25|1 . we check that for 0 < t < T 

||t>(t) - u(t)||i3,=o < c sup \{v{t)-u{t),>f)\ 

veC^^, ||¥>||^3^i<i 

<C sup |(a — 6 ,e“*^ ip)\ 

ll¥>ll 3 1<1 
1,5’ 


+ C sup 

llvll 3 i<l 



u{s)) 0 v{s) + u(s) 0 {v{s) 


u{s)) 


+ (w(s) — m(s)) 0 w + w 0 (t>(s) — u(s)), Ve (p)ds 

< C||a - 6||l3,oo + C(5 sup f ||?;(s) - u(s)||z, 3 ,oo i^||i 3 ,ids 

llvll 3 1<1 Jo 

1,5’ 

< Ci||a- 611^3,00 + Ci6 sup {||z;(s) - ’u(s)||i, 3 .oo}. 

0<s<t 

Note that Ci = C\{"f) > 0 does not depend on both t and T. Therefore we see that 
(3.14) sup {||T(t) - ii(t)||i 3 ,oo} < 2Ci||a - 6 ||i 3 ,oo 

0<t<T 

if CiS < 1/2. This gives (I 3.21) . Similarly, we have () 3.31) and (I 3.41) . Remark that 
:= l/( 2 C'i) and := 2Ci. □ 


Proof of Lemma \3.‘^ We first show () 3.51) . Fix tp G and e > 0. Since 

is dense in there is tpo € C'(j“^(U) such that 

Here (5 is defined by (I 3.11) . By (I 2.31) and (I 3.151) . we see that for t > 0 

\{v{t),tp) - (a,V’)| V’o)| + - a,V’o)| + \{a,tpo - '0)1 

<(lk(i)llL3.°° + ||a||i3.=o)||V’ - 0o||^3,i + \{v{t) - a,'ipo)\ 

(3.16) <^e+|(?;(t)-a,0o)|. 

Using (I 2.3|) . (I 2. 41) . and (I 2.191) . we check that for t > 0 


\{v{t) - a,’ 0 o)| 

< |(a, (e"‘^* - l) 0 o)| + 


f (?; 0 u + u 0 w + w 0 T, Ve ^ ipo) ds 

Jo 


< |(a,(e-‘^ -i)p;,)\+CS^ / live 

Jo 

<||a|U3,o.||(e-*^*-l)V^o||^3.,+C<52^ 


‘ II0o||l3f 


-ds 


0 (t-s)4 

< ||a||L3.=o||(e"*'^* - l)0o||^3,i +CtU‘^\\pJo\\L^.^- 
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Since e is a Co-semigroup on there is Tq > 0 such that for 0 < t < Tq 


(3.17) 


\(v{t) - a,'ipo)\ < 


Combining (I 3.161) and (I 3.17|) implies that for 0 < t < Tq 

|(z;(t) - a,ip)\ < e. 

Since e: is arbitrary, we see () 3.5p . Similarly, we have () 3.611 . 

Proof of Lemma \3.3[ Let Ci be the constant appearing in (j 3.14|) . Assume that 
<5 < l/(2Ci). We first derive (I 3.81) . Let t G (0,T). Using (I 2. lip , we check that 


□ 


t ||u(t) — < Ct 


P-3 

+ Ct^ 


sup 


sup |(a —6, e ^p)\ 

'•I 

((v(s) — u{s)) 0 v{s) + u{s) 0 (f (s) — u{s)) 


+ {v{s) — u{s)) 0 w + w (Si {v{s) — u{s)),\7e (f)ds 


p-3 

+ Ct^ 


sup 


{{v{s) — u{s)) 0 v{s) + u{s) 0 (v(s) — u{s)) 


+ {v{s) — u{s)) (S w + w (S {v{s) — u{s)),\7e ip)ds 

=: Ji(t) -I- J2{t) + 

By (I 2.31) and (I 2.171) . we have 

Ji{t)<C\\a-b\\L3,... 

Note that p' < 3/2. Using (I 2.3L (I 2.41) . and (I 2.191) . we see that 


J2[t) < C5t 


/■2 (sV||i;(s)-M(s)||i^.„) 


{t — s)s 


ds 


< ^-fi+TTEl- 

Jo (t — S) S ‘^P 


< CS sup {s 2p ||z;(s) — m(s)||lp.=x=}. 

0<s<t 

Note that p' < 3p/(2p — 3) < 3. From (I 2.31) . (I 2.4L and (I 2.25L we observe that 


Jsit) < C5t 2 p sup 

llvlli,pM<l • 


(g^2p ll^(g) _ m(s)||^p,.o) 


p -3 

S ‘^P 


< 


L 


C6 sup [ (s^ 2 p _ y(s)||^p,pp)||Ve (p\\ sp ^ds 


< CS sup {s 2 p ||r!(s) — m(s)||lp.oo}. 

0<s<t 

Consequently, there is C 2 = C 2 {'y,p) > 0 such that for 0 < t < T 

t^\\v{t) - u{t)\\LP,^ < C2||a - 6|| 2,3,00 -I-C25 sup {s^||v(s) - u(s)||_LP,oo}. 

0<s<t 
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Therefore we find that 


sup \\v{t)-u{t)\\LP,^} < 2 C 2 \\a-b\\L 3 ,^ 

0<t<T 

if C 25 < 1/2. This gives (I 3.81) . Similarly, we have (I 3.91) and (I 3.101) . Remark that 
:= min{l/( 2 ( 71 ), 1 /( 2 ( 172 )} and := 2(7i + 2 ( 72 - By the same argument to 
derive (I 3.21) . we have (I 3.71) . 

Next we show (i) and (ii). We now assume that <5 < and that 0,6 € L^’’'(n) 
for some 1 < r < 00 . Let r' G (l,oo) such that 1/r + 1/r' = 1. 

We shall show that G i7(7((0,T); L^’’'(n)). LetfG(0,T). Using (I 2.111) . (I 2.3L 
(I 2.411 . (j 2.1711 . (I 3.3|) . and () 2.29j) . we check that 


||i;(t)||L3,r < (7 sup |(a,e ‘^V)l 

llvll 


+ C5 sup / 

llvll 3 ,,.,<i 7 o 


(s^’^p ||^(5 )||lp.°°) ||^^-P-^)t 


P-3 

5 2p 




^ds 


<C||a|U3,. + C(5ifttl|a|lL3,= 


I P-3 P+3 

'0 s 2 p (i — s) 2 p 


ds 


<C||a|U3,.+CTiGttl|a||L3,. 


This shows that 

(3.18) sup {||i;(t)||L 3 .p} < ( 7 ||a||i 3 ,r + CSK^\\a\\L3.oo < + 00 . 

0<t<T 

Fix £ > 0 such that e <T. Let ti,t 2 > 0 such that e <ti <t 2 <T. By (I 2.11L 
we see that 


\v{t2)-v{ti)\\L3,r-<C sup |(a, (e - l)e 

llvll 3 ,.,<1 

’ r o ’' 


+ (7 sup 

lUII 3 <1 

’ 

+ (7 sup 




' {v VV <S) ww <S) v,V{e — e )(p)ds 

0 

rt2 ^ 

/ {v{s) 0 v{s) + v{s) (Siw + w(Si v{s),Ve~^*^~^^^ (fi)ds 

Jti 

=: J 4 (ti,^2) + 75(^1,<2) + Je{ti,t 2 ). 


lull 3 ,.,<1 

L^' 


Using (I 2.3|) . (I 2.45p . and (I 2.43p . we find that 

74 (^ 1 ,^ 2 ) < (711011^3,r(t 2 - sup ||(L* + 3 y 

lull 3,,<1 

< C{T)(t2 — ti) *e*U^ '* < C{e,T){t2 — ti)^. 
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Applying (j 2.3L (I 2.4|1 . (I and (j 2.55j) . we check that 


llvll 3 ^,<1 L ^0 

L^’ 


(3.19) J 5 {ti,t 2 ) < C sup 

I S T- 


z;(a)|U3.=. + ||u;|U3.=.)(s^|Ks)|U..=o) 


P-3 

S 2 p 


l|V{(e 

rt 




< 


(75X1111011^3,00 f p*_3 ■ (t2 — tl)'^Pe — s) + 4p 2 p(lg 

J 0 s 2p 


By (| 2.31) . () 2.41) . (I 3.3|) . and () 2.29|) . we observe that 


J&{tijt 2 )<C sup 


llvll 3 <1 

L 2 


ri2 


k(s)||A3.oo + ||u;||i3,oo)(s ||u(s)||lp,. 

P-3 

S 2 p 


•11^® 

< (75Xtt|la||i3.oot^ 
Therefore we conclude that 


P-3 

2p 


- ^ < C{e){t 2 - hY'^v . 

il {t2 — s) 2p 


1^(12) - w(tl)||i3,r -)> 0 as t2 -)■ <1- 

This implies that 

vGC{[e,T);Ll’^{n)). 

Since e is arbitrary, it follows from () 3.18|) that 

V G BC{{o,Ty,Ll’^{n)). 

Similarly, we check that u € BC{{0,T)-, L^’^{n)). Therefore we see (i). 

Finally, we show (ii). By the same argument to derive (I 3.181) . we see that for 
0<t<T 


U{t)\\l^3,r < C sup 

|(a- 6 ,e ‘^V)l 

<pecg^^, ||<p|| 3 ,,/ 

<1 

’ L 2 ’ 


+ C 6 sup 

/ P-3 p+3 

llvll 3 ,./ <1 p 

L 2 

'0 5 2p (t — s) 2p 


<C||a-611^3,P + (75Xttl|a 


Since || • ||l3.oo < C\\ ■ Uls.p, we have 

||u(t) - u{t)\\L^.r < C\\a - 511^3,P + (75Xttl|a - 61^3 ,p. 
Therefore we see that there is C 3 , = C^{"f,p,r) > 0 such that 
sup {||u(t) - ■o(t)||L3v} < CsWa - 6||l3.p, 

0 <t<T 


which is () 3.111) . Similarly, we have (I 3.1211 and (I 3.13p . Remark that := 2 C 3 . 
Therefore the lemma follows. □ 
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[[ Let US show the existence of a unique global-in-time generalized mild solution 
of the system (I 1.51) . We apply a contraction mapping theory to obtain a unique 
global-in-time generalized mild solution. However, the argument for the application 
of the contraction mapping theory is not simple, so we give a detailed proof of 
Theorem 11.101 

Proof of Theorem \l.l(A Let 5 > 0. Define 

:={/eHC((0,oo);L3'“(D))nC((0,oo);LP’°°(D)); \\f\\x,<S}, 

where \\f\\x^ = sup{||/(t)||L3,=o}-h sup{f^ ||/(t)||LP.=o}. 
t >0 t >0 

For each u € Xp, a € t/j S and t > 0, we set 

M{u, a, if, t) 

:= if) + f (u{s)u{s) + u{s)'Si w + w ® if)ds. 

Jo 

By (I 2.31) . (j 2.41) . (I 2.171) . and (I 2.25p . we check that that for all u € Xp, a € 
if e and t > 0, 

(3.20) \M{u,a,if,t)\ < ||a||i3,.x,||e“‘^Vll^|,i 

+ C A||u(s)|U 3.=» + ||u;|U3.=»)||u(s)|U3.=»||Ve-(‘-^)^>|U3,3ds 

^0 

< ^110111,3.00 11^)11^3,1 +C{5 + ||w||l3,=o)5||V'||^3,i. 
Note that the above constant C > 0 does not depend on t. 

Let us attack Theorem ll.lOl Fix u G Xp and a G L^’°°{Pt). To prove Theorem ll.lOl 
we pass through four steps. In the first step, we show the existence of a L^’°°-valued 
function v such that {v{t),if) = M{u,a,if,t) for if G and t > 0. In the 

second step, we prove that the function v belongs to Xp. In the third step, we show 
that the map is a contraction mapping such that M : Xp —Xp if ||a||i3,oo, 
||w||i3,oo, and S are sufficiently small. In the final step, we apply a contraction 
mapping theory to show the existence of a unique global-in-time generalized mild 
solution of the system (I 1.51) when both ||a||j^3,oo and ||i/;|| j;,3,cxj are sufficiently small. 

Step 1: “Existence of a function v such that {v{t),if) = M{u, a, if, t).” 

Let u G Xp and a G L^’°°(r2). We fix u and a. We now prove that there 
exists a L^’°°-valued function v : (0,oo) 9 t —>■ v{f) G such that for each 

if G and t > 0, 

{v{t),if) = if) + f (uS u{s) + u{s) S w + w S u{s),Xe~^*~^'^^ if)ds. 

Jo 

To this end, we show that AI is a bounded linear functional on when 

u, a, t are fixed. From (I 3.201) . we check that 


\M{u,a,if,t)\ < (711011^3,=o +C{5 + ||w||i3,oo)(5 < -l-oo 
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for every t > 0 and ip G satisfying HV'II j^§,i < 1- Now we fix t > 0. It is 

clear that for every il),ipi,ip 2 S and A G R, 

M{u, a, ipi + ip2, t) = M{u, a, ipi, t) + M{u, a, ip2, t), 

Ai(u, a, Xtp, t) = XM{u, a, ip, t). 


Therefore we see that Ad is a bounded linear functional on when u,a,t 

are fixed. Since the dual space of is we apply the Hahn-Banach 

theorem to find that there is v{t) G such that for every ip G 


{v{t),ip) = M{u,a,ip,t). 


Since the above argument is valid for each t > 0, we conclude that for each fixed 
u G Xp and a G there exists a L^’°°-valued function v : (0,oo) 9 t —>• 

v{t) G such that for each ip G and t > 0, 


(v(t),ip) = {a,e Ip) + f (wSi u{s) + u(s) 0 w + w IS) u(s),X/e ip)ds. 

Jo 


Step 2: “Properties of v such that {v{t),ip) = M{u,a,ip,t).'" 

Let u G Xp and a G We fix u and a. We assume that there exists 

a L^’°“-valueci function v : (0,oo) 9 t —?► vit) G such that for each ip G 

and t > 0, 


(v(t),ip) = {a,e Ip) + f {u{s) S u{s) + u{s) S w + w S u{s),Xe ip)ds. 

Jo 


We now prove that v G Xp. We first estimate ||u||xp- Using (I 2.111) . (I 2.31) . (I 2.4L 
(I 2.17L and (I 2.25p . we observe that for t > 0 


|w(t)||i3,=o < C sup |(a,e 

||¥=|| 3 i<l 

pi 

C sup 


Ill’ll 3 i<l 
’ r o ) -*- 


[ {u{s) S u{s) + u{s) S w + w S u{s),Xe ip)ds 

Jo 


+ C sup 

llvll 3 i<l 
i 2 ’ 


(Ik(s)ll 


L3,< 


< C'llalUa.oo 

+ ||u;|U3,=o)||u(s)|U3,o.||Ve-(‘-^)^V|U3,3ds 

^ C'dlall^s.oo + Ijwllis.ooJ + (5^) < +0O. 
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Applying () () 2.3|1 . (j 2.4|) . (I 2.17|1 . (j 2.1911 . and (I 2.25|) . we check that for t > 0 

t^||T(t)||LP,oo < sup |(a,e“‘^*(p)l 

pt 


p-3 


sup 

ll¥>llp,pM<l 


/ (m 0 u + It 0 w + w 0 M, Ve (p)ds 

Jo 


< C||a||i3,oo +c;t^ 


^ n (||it(s)|U3,op + |HU3,op)(s^||u(s)|Up,^) 


p-3 , ^ 

S 2 p (t — s) 


ds 


+ Ci('i? sup t ^ 

< (7(110111,3.=o -I- ||ii;||L3.=od -I- < -I-CX3. 

Therefore, we conclude that there is C-f = C^{j,p) > 0 such that 

(3.21) Ikllxp < (7t(||a||L3,=o -h ||u;||z,3,oo( 5 -h 6^) < -Hoc. 

Next we show that v G (7((0, oo); L^’°°(n))fl(7((0,oo);LP’°°(r2)). Let e,T > 0 such 
that e <T. Fix e and T. Let ti, ^2 >0 such that e <ti <t 2 <T. By (I 2.111) . we 
see that 

\\v{t 2 ) - u(ti)|li3,«. < C sup |(a, (e-(*3-ti)T* _ 

¥>£0“,,. Ikll 3 p<l 
L2’-' 

pti 


+ C sup 

llvll 3 i<l 

l5’ 

-I- C sup 

llvll 3 1<1 

L 2 


/ (m 0 u + u 0 w-I-re 0 M, )ip})ds 

Jo 


pt2 ^ 

/ ( 0 ( 5 ) 0 u(s)-f m(s) 0 w-|-w 0 u(s), (p)ds 

Ju 


—: Il{ti,t2) + I2(ti,t2) -I- 73(<i,t2). 
From (I 2.31) . (I 2.45F and (I 2.43F we observe that 

7i(<i,t2) <(711011^3.00 sup ||(e"(*=“‘^^^* - l)e“‘^^Vll^f.i 


Ill’ll 3 ^<1 

L 2 

3*2— 


<C(t 2 -ti)^e*-‘^ sup ||(L* + l)ie-*^M 3 ,, 


llvll 3 i<i 

1 2 ’ 

<Ce~i{t2 — . 

By the same argument to derive () 3.191) . we check that 


L 2 ’ 


I 2 {,ti,t 2 ) < C sup 

llvll 3 1<1 1 Jo 

l5’ 


||u(s)||l,3.oo -h ||u;||i3,=o)(s 3 p ||m(s)||z,p,oo) 
p-3 
5 2p 


<C(e,T)(t2-ti)^. 
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Using (I 2.3I1 . (I 2.4j) . and () 2.19|) . we find that 


I 3 < CS sup / 

llvll 3 i<i Jti 
’ 


4 s)||^ 3 .oo + ||w||z, 3 ,oo) 


P-3 

S 2P 


< C {6 + ||w||2^3,oo)(5t^ 


-3 /*^2 


/ / - P+3 

{t 2 — S) 2P 


Vll 


ds 


L^p^' 


, ds 


p—3 p—3 

< Ce 2 p (^2 — ti) . 


Therefore we conclude that 


\\v{t 2 ) - z;(ti)||L3,oo -)> 0 as ^2 U- 


This implies that 

(3.22) 

Next we prove that 

(3.23) 

By (I 2. lip , we have 


vGC{[e,T);Ll^^m. 


v€Ci[e,Ty,LP’^in)). 


Ht 2 )-v(h)\\Lp.pp<C sup |(a,e-+^*(e-(*^-‘^)^*-l)e-+^V)| 

pti 


+ C sup 

llvllipM<l -^0 

+ C sup 
llvllp,p/,i<i 


{u® u + u® w + w ® u,V {{e — e )v^})ds 

pt2 

/ (u(s) 0 u(s) + u{s) ®w + w® u(s), tf)ds 

Jti 

= '■ I4(ti,t2) + hitl,t2) + d^6(U, ^ 2 )- 


Applying (I 2.3p . (I 2.17L (I 2.451) . and (I 2.431) . we see that 


^ 4 (^ 1 ,^ 2 ) 

< (711011^3, 


3 / 2 \ 


(t 2 -U)^e^‘^ *U sup ||(i* + i)le 


ll¥>Lp',i<i 


<C{e,T){t 2 -h)i. 
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Set j3i = 3/3/(3 — /3). Using (I 2.3L () 2.4|1 . and (j 2.5511 . we check that 


h{ti,t 2 )<C sup 

IUIIipM<l 

(s'^||u(s)||lp,=o )2 


P-3 

S p 


l|V{(e 




(/jjll ids 


+ C sup 
lklUpM<l 




lkllL/3i.»(s ||u(s)||iP,= ) 


P-3 

S 2p 




^}\\ pii,,ds 


< 


C f p_3 (^2 ~ tl) ^pe 2 +*2 (2 + 4p) 4p 2pf^g 

^ 0 S p 

< C{e,T){(t2 - h)^ + {t2 - h)^}. 


'0 s P 

1 1 u- 

+ C -^it2-h)^e— 
Jo s 


Note that w € by Assumption 1 1.1 1 Note also that p' < p/{p—2) < 3 and 

that p' < pPi/ipPi — p — Pi) < 3 since 3/2 < /3/(/3 — 1) < 3 < p, 1/p + 1/p' = 1, 
and Pi = 3/3/(3 — P). 

From (I 2.31) . (I 2.4L and (I 2.19L we observe that 


h{ti,t 2 )<C sup / 

\W\\^p',i <1 Jti 




P-3 

s P 


||yg-(t2-.JA ^11 ds 


Lp- 


+ C sup 


ll‘Pllp,pM<ldii 
p-3 rt2 


Jt\ s 2 p 


3 r't2 


<CSh/~-' -L_ds + c||u;||i^i,oodt/^'’' f 

Jti (t2 — s) 2P dti 


pII _p£i_, ds 


ds 


Therefore we conclude that 


gl +3 

*1 {t2 — s) 


p —3 , ^ p —3 p —3 , , ^1—3 

< Ce p — 2 p + Ce 2p (^2 — U) ■ 


||u(t 2 ) - i^(ii)||LP.“ -)■ 0 as t 2 -t U- 
This implies that (I 3.23F From (I 3.221) and (I 3.231) . we find that 
V e Ci[e, T);Ll’^in)) n C([£, T); LP--(U)). 

Since e and T are arbitrary, we conclude that 

(3.24) V e ^((O, oo); Ll’^m n C((0, oo); LP'°“(U)). 

From (I 3.211) and (| 3.24F we see that 

V G Xp. 

Consequently, we find that if there exists a T^’°“-valued function v such that for all 
^ G and t > 0, 


{v{t),'ip) = M{u,a,ilj,t) 
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then V £ Xp. This implies that we can consider Xi as the map Xi : B u ^ v £ 


Xp if a is fixed. 


Step 3: “Contraction mapping Xi.’' 

We now prove that the map is a contraction mapping such that Xi : X, 


Xt 


if ||a||L3,oc 

., llwllp^a.oo, and i5 are 

sufficiently small. 

that 



fl 1 

(4’ 2^ 

(3.25) 


6 < min j 

(3.26) 

II«IIl 3 

,oo < min j 


(3.27) 


,oo < min j 

Ih'* 




tAtt r > 


Here C-^ is the constant appearing in (I 3.211) and, and are the constants 
appearing in Lemmas 13.11 and 13.31 respectively. Remark that C.|. > 1 in general. 

We fix a. Let u G X^. From the argument in Step 1, we see that there exists 
a L^’°“-valued function v : (0,oo) 3 t ^ v{t) G such that for each tjj S 

and t > 0, 

{v{t),ifj) = {a,e~*^ Ip) + f {u® u{s) + u{s) ^ w + w ® ip)ds. 

Jo 

We also see that v £ Xp from the argument in Step 2. By (I 3.25l) - (l 3.27L and 
(I 3.2ip . we have 

(3.28) llullx, < <5. 

Thus, we see that v £ X^. Therefore we conclude that the map is a mapping 


such that Xi : X^ 


x;. 


Next we show that the map A1 is a contraction mapping such that Xi : X^ —>■ X^. 


Let ui,M 2 G Xp. From the previous argument, we see that there are ui,U 2 G X^ 
such that for each ip £ and t > 0, 


= Ip) + / {ui®ui{s) + ui{s)®w + w®ui{s),Ve~^*~‘‘'^^p})ds 

Jo 

and 

{'V2{t),1p) 

= Ip) + / {u2®U2{s)+U2{s)®w+ w®U2{s),Xe~^^~‘‘'>^ 'ip)ds. 

Jo 

In the same manner to derive (I 3.211) with (I 3.251) and (I 3.271) . we see that 
Iki - i;2||xp < Ctdlwllia.cx, + 2(5 )||mi - U2\\x., 

< ^llui - U2|Up. 

Therefore we conclude that the map A1 is a contraction mapping such that A1 : 

^ ^p. 
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Step 4: “Existence of v such that 

Let a G We assume that (| 3'25|) - (l 3.27|) . We fix a. From the argument 

in Step 3, we see that Af is a contraction mapping. Applying a contraction mapping 
theory, we obtain a unique function v G satisfying 

{v{t), Ip) = {a, e“‘^ 'ip) + f i'i’ ^ 'i^is) + v{s) 0 w + w 0 ^(s)) 'ip)ds 

Jo 

for all ip G and t > 0. From Lemma [3.II we see that the solution v is 

unique in X^. We also see that there is Kq = Kq{^,p) > 0 such that 

Ikllxp < AollallLa.oo. 

Therefore Theorem ll.lOl is proved. Note that Kq := K-^-^, where K-^-^ is the constant 
appearing in Lemma I3.3I □ 


3.2. Asymptotic Stability and L^’’’-Asymptotic Stability. In this sub¬ 

section we prove Theorem II. Ill Let Jo and Kq be the two constants appearing in 
Theorem II.lOI Our first task is to prove 

Lemma 3.4. Suppose that ||ri;||/,3,cxj < Jg- Assume that b G and that 

||6||^3,oo < Jo- -Let u be the global-in-time generalized mild solution of the system 
(I 1.5II with the initial datum vq = b satisfying ||u||xp < Ao||6||i3,oo, obtained by 
Theorem M.KA Let 3p/(p-|-3) < a < 3. Then there is Ji = Ji( 7 ,p,a) > 0 such that 
*/ 

6gL“’“(L!), ||6|U3,oo < Ji, and \\w\\l^.^ < S,, 
then the following three assertions hold: 

(i) The solution u satisfies 

(3.29) sup{t 2 ||M(t)||LP,oo} < Const. < -l-oo, 
t>o 

(3.30) sup{||u(t)||LQ,oo} < Const. < -(-oo, 
t>o 

(3.31) sup{t^^““^^||M(t)||i3.cx=} < Const. < -(-oo. 
t>o 

(ii) Assume in addition that b G Lq’'^(LI) and that ||Vry||i 2 < -(-oo. Then 

(3.32) lim ||M(t) — J||l3,oo = 0. 

' ' i-s-O+O " ^ ^ " 

(iii) Assume in addition that b G L^'^{Q) for some 1 < r < oo and that ||Vw||i 2 < 
4-00. Then 

(3.33) lim llu(t) — JIIls.t- = 0. 

' t->o+o" ^ ' " 

Proof of Lemma \3P^ Let 3p/(p -(- 3) < a < 3. Fix a. Assume that b G L“’°“(fl). 

We first derive (I 3.291) . Fix T > 0. Since ||u||ap < we check that for 

0<t<T 

< (t^||u(t)|Up,oe)tt(i-5) 

< Ao||J||i3,=oTi(i-^) < oo. 
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Let 0 < t <T. Lemma [23] shows 

(3.34) ||■u(^)||Lp.-< C sup |( 6 ,e“‘^V)l 

+ C sup |(m(s) ® u(s) + m(s) 0 u> + w 0 m(s), (p)| 

=: Di{t) + D2{t). 

By (I 2.31) and (I 2.171) . we have 

(3.35) i^i(t)<Ct-i(i-i)||6||L.,=o. 

Note that p' < a' < 3. Applying () 2.3p . (| 2.4p . and (| 2.19p . we see that 

3 ('i_i 

, 7" “IT 

/o 


(3.36) £>2(0 < C 


■" (||m(s)||l3,=c + ||u;||i3,=c)(s2(<. p^||m(s)||lp,~) 


(t-s)s = ^“ p’ 


ds 


+ C sup 


lklli,pM<l 


|m(s)||^3,oc + ||u;||l3.°°)(5^^° p)||m(s)||^p,oo) 

g 2 a p ) 


IIVe ip\\ 3p , ds 


L^p^ 


,1 


3(i_l) p (||u(s)||l,3.oo + ||w||^3,oo)(s3(;^ P^||m(s)||£P.°°) 

io (t_s)i-i(i-i)si(i-^) 

f pt 

. 3 (X_ 1 ) 

J V a p ./ 


ds 


+ Ct 3*'“ p-' sup 

llvlliPM<l 


|u(s)||i3.oo + ||u;||i3.oo) 


. (5ie-^)|K,)||^p,^)||Ve-(‘-^)^V|| 

L2p-3 j 


Using (I 3.34l) - (l 3.361) . and (I 2.251) . we find that there is Ci = Ci(j,p,a) > 0 such 
that for 0 < t < r 


i2(^-p)||y(t)||^,,^ < + D2(t)) 

U (s^(° -p)||m(s)||lp.°°) 

/o (t — s)^ 

+ C(KollblU3,^ + llwllL3,^) 


< 


C||&|U.,~ + C(i^o||6||L3,» + |klU3,=.) f 

Jo t — sr 2U p)g2ic^ p) 


sup / (s^C p^||u(s)||LP,oo)||Ve 

llvllp,pM<l-^0 


wll 3p , ds 

L2p-3’^ 

I/'J__J 

S2 \ a j 


< C'i|| 5 ||l<»,=o + Ci(£:o||^I 1 l 3 ,«= + ||w||l 3 ,«.) sup {53^“ p^||u(s)||lp.“}- 

0<s<t 

Here we used the fact that ||u||xp < £^o||^||l 3 ,oo. Since Ci does not depend on both 
t and T, we have 


sup p)||'u(t)||LP,=o} 

0<t<T 

< C'i||6||l<.,«. + C'i(A"o||&||l3,oo + 11^11^3,= 0 ) sup {t^^i~p'‘\\u{t)\\LP.’^}. 

0<t<T 
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Therefore we see that 

sup < 2 C'i|| 6 ||i<»,oo < +00 

0<t<T 

if Ci(i 4 ro||&||j;, 3 ,oo + ||w||^ 3 ,oo) < 1/2. Since Ci does not depend on both t and T, we 
conclude that 

sup{t5(^-F)||u(t)||ip,=o} < 2C'i||6||ic,oc, < +00. 
i>0 

Thus, we see (I 3.29|) . From now on we assume that ( 71 (^ 011611 ^ 3 ,oo + ||?ii||^ 3 ,oo) < 1/2. 

Next we prove (I 3.301) . Using (I 2.111) . (I 2.31) . (I 2.41) . (I 2.171) . (I 2.19|) . and (I 3.29L 
we see that 


IkWII 




< c 


sup 


l( 6 ,e-‘^ ^)\ 


, <1 


C sup 

llvlb 


, <1 


/ {u(Siu + u(Siw + u(Siw,Ve *■* ip)ds 

Jo 


<C\\bh 


sup 


\u (S u + u CS w + u CS w\\ 


^,=ol|Ve 


1<1 Jo 


Lp + 3 


L 2 p -3 ’ 


< C|| 6 |U.,o 


||M(s)||i3,=o + ||u;||l3,=o)(s 2(/ /)||y(s)||^^,„„) 


lo {t — s) 


1_3/J__1^ 3fi_l 

2Vq p^g2''Q: p 


ds < C. 


Thus, we have (I 3.301) . Here 1/a + 1/a' = 1. Note that 3pl{2p — 3) > a' since 
3p/(p + 3) < a < 3. 

Thirdly, we derive (j 3.311) . Using (I 2.11) . (I 3.301) . and (I 3.291) . we check that for 
t > 0 

.,_p(3—a) p(3 —q) 

which is (I 3.311) . 

Finally, we attack (ii) and (iii). Assume that ||Vw||i 2 < +oo. Set 
A ■ 1 1 

We assume that || 6 ||i 3 ,oo < 61 and that ||w||l 3 ,oo < 61 . Here is the constant 
appearing in Lemma l3.11 

We shall derive (I 3.321) . Assume that b S Lq’^(H). Fix e > 0. By the definition 
of Lq’“(H), there is bo € such that 

||6 - 6 o||l 3 ,«= < e and || 6 o||i 3 ,«= < min{(5o,6i}. 


From Lemma l3.41 we see that the system (I 1.51) admits a unique global-in-time gen¬ 
eralized mild solution it, satisfying (I 3.29l) - (l 3.311) . We may assume that || 6 o||l 3 .oo < 
5-\/2. From [24l Theorem 2.8], we see that there is a local-in-time strong L^-solution 
U of the system (I 1.51) with the initial datum vq = bo, satisfying 

U € C([ 0 , r,); i7oV(r!)) n C(( 0 , r,); W2’2(0)) n Ci(( 0 , T,); Ll{n)) 


for some T, > 0. Here llwi. 2 ^ Note that T, depends only on 

( 7 , 0 , 1 c, ||6 o||wt 3)- See also [531 Chapter 7]. Since i7g_^(0) c Lo’“(0), we see that 
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there is r»* > 0 such that 

(3.37) sup {||?7(t)|U3.=o} < 

Since e“*^ is an analytic semigroup on we easily check that for 0 < t < T** 

U{t) = e-^^bo- [ e-^*-^'>^P{{U,V)U + {U,V)w + {w,V)U}ds 

JQ 

and that for each ip G and 0 < t < T** 

([/(t), (p) = (bo, e~*-^ p) + [ ([/® 17(s) + ?7(s) 0 w + w 0 {7(s), p)ds. 

Jo 

From (I 3.3711 and Lemma IXTl we find that = ?7 on (0,T**). Applying (I 3.21) . we 
observe that 

||ii(t) - 6 ||l 3,«= < ||u(t) - M,(t)||i3.=o + ||ii*(t) - 6 o||l3,~ + \\b - 6o||l3,~ 

< {K\ + 1)11^ — ^o||l3.°° + — ^o||l3i°° Cb as t —>■ 0 + 0. 

Since e is arbitrary, we see (I 3.321) . Similarly, we deduce (hi). □ 

Finally we derive the stability and continuity of the generalized mild solutions. 

Proof of Theorem 17.771 Combining Theorem ll.fOl and Lemma 13.41 we see the as¬ 
sertion (i) of Theorem ll.lf I Now we prove the assertions (ii) and (iii) of Theorem 
11.111 Let 3p/(p + 3) < a < 3, and let i5o, i5i be the constants appearing in Theorem 
11.101 and Lemma 13.41 respectively. Assume that 

a e Ll’^{n), ||a|| 1^3,00 < min{(So, i5i}, and ||?ii||i3,oo < min{(5o, (5i}. 

Let V be the global-in-time generalized mild solution of the system (I 1.51) with the 
initial datum vq = a, obtained by Theorem 1 1.1 01 Assume that ||Vw||i 2 < oo. 

We attack (ii). We assume that a G Lq “(17). We shall prove that 

(3.38) lim ||u(7) — alLs.oo = 0, 

(3.39) lim ||u(7)||i3,oo = 0. 

t—)-oo 

Fix e > 0. By the definition of 7^Q’“(n), there is 6 G such that 

||a — 6 ||l3.oo < e and ||6||j;,3.oo < min{5o, <51}. 

From Lemma we see that the system (I 1.51) admits a unique global-in-time 
generalized mild solution u satisfying (I 3.29ll - (l 3.311) . Applying (j 3.21) and (I 3.32L 
we see that for 7 > 0 

||u(7) - a||L3,«. < ||i;(7) - M(7)||i3,.» + \\u{t) - 6 ||l3,=o + \\b - a||L3,.» 

< C||a — 6 ||l3.oo + \\u{t) — 6 ||l3.oo < Ce as 7 —>■ 0 + 0. 

Since e is arbitrary, we see (I 3.381) . Similarly, we use (I 3.21) and (I 3.311) to observe 
that 

lk(t)||L3.»<|K7)-«(7)|U3,o. + ||zr(7)|U3,o. 

< Clla — 5 ||l3,o° + ||u(7)||2,3,oo < Ce as 7 —>■ oo. 

Note that b G C L“’“'(n). Since s is arbitrary, we see (| 3.391) . Therefore 

we finish prove the assertion (ii). 
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The proof of the assertion (iii) of Theorem 11.111 is left to the reader, since we 
can prove (iii) by the same argument to show (ii) with the assertions (i) and (ii) of 
Lemma 15751 Therefore Theorem II.Ill is proved. □ 

4 . Global-in-Time Mild Solution 

In this section we show the existence of a unique global-in-time mild solution 
of the system (| 1.51) when vq G Tg’^(n) and both ||uo||l 3 .oo and ||r(;||i 3 ,oo are suffi¬ 
ciently small. 

Throughout this section we assume that w is as in Assumption 11.21 and that 
|uoo| < 7 for some 7 > 0. Let 6 < p < 00 such that 3/3/(2/3 — 3) < p. Fix p. 
Let p' be the positive number such that 1/p -I- 1/p' = 1. The symbols L and L* 
represent the two linear operators defined by Subsection l2.3l The aim of this section 
is to prove Theorem 11.121 In order to prove Theorem 11.121 we first constructs a 
unique local-in-time mild solution of the system (I 1.5|1 . Secondly, we prove that 
the system (I 1.51) admits a unique global-in-time mild solution of the system (I 1.51) 
when ||uo||i 3 ,oo and UrcH^s.oo are sufficiently small. Moreover, we derive L°“-decay 
rate with respect to time of the solution. 

4.1. Local-in-Time Mild L^’°°-Solutions. Let us construct a unique local-in¬ 
time mild solution of the system (I 1.5|) . For T G (0, 00 ], we define the Banach space 
Zt as follows: 

Zt := {/ G BC((0, T); n ^((0, T); ||/|U, < + 00 }, 


ll/IU. := 

sup {\\f{t)\\L3,^}+ sup {t^||/(t)||LP.~} + sup {t^||V/(t)||L 3 .cx=}. 

0<t<T 0<t<T 0<t<T 

We now attack the following proposition. 

Proposition 4.1. There are = S^,{'y,p) > 0 and AT = K^,{'y,p) > 0 such that if 

||a|| 1^3,00 and 1111 : 11 /^ 3 ,CXI 

then the system (I l.Sp with the initial datum vq = a admits a unique local-in-time 
mild solution v in Zt^ for some T* > 0. Moreover, 


(4.1) \\v\\zt, < K^\\a\\L3,^, 

(4.2) 

Moreover, assume in addition that w satisfies Assumption II.31 Then for each fixed 
0 <t <T^, 

(4.3) Wv{t) G 

Here T* depends only on 7 , /3, p, ||ii;|| 3 fi and ||Vii;||/^/ 3 ,cx. 


Proof of Proposition ^. 1\ Let T > 0. For m G N and t G (0, T), 


vi{t) := e 

Vm+i{t) := e~*^a - 



e '''>^P{{Vm,V)Vm + {Vm,V)w + {w,V)Vm}ds. 
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We now solve the above integral forms in Zt to construct a local-in-time mild 
solution of the system (I 1.5|1 . We first consider HuiUzt- By () 2.16|) and (I 2.20|) . we 
see that 

||e"*^a||i3,=o <(711011^3, 

||e“*^a||LP,=c. <C't“^||a||L3.=o, 

||Ve“*^a||L3.oo <(7^^11011^3,00. 

Therefore we obtain 

(4.4) Ikill^T < C{-i,p)\\a\\L3,^. 

Next we consider ||t!m+i||z.j,. Using (I 2.111) . (I 2.3L (I 2.41) . and (I 2.251) . we check 


[ e-^^-^^^P{v^,V)vm{s)ds 
Jo 

< C sup 

llv^ll 3 1<1 


L3,. 


/ (Wm(s) ®'Cm(s),-Ve 
Jo 


< (7 sup / ||?^m(s)||i3.oo||Ve ®^^VllL3,ids < (7||?;„|||^ 
llvll 3 i<i7o 


Similarly, we have 


/ e (* V)w -I-(w, V)um(s)}ds 

Jo 


< (7||w||L3,«.l|?;m||z.j,- 


L3,< 


Applying (I 2. lip . (I 2.3L (| 2.41) . (I 2.19L and (I 2.25L we see that 


/ e (* '''>^P{v„i{s),W)vm{s)ds 
Jo 


Lp.‘ 


< C sup 


[ (Wm(s) 0 Wm(s),-Ve (/5)ds 

7o 


< C 


|km(5)||L3.°°(5 ||Um(5)||LP.' 

) _ s) 


-ds 


-I- (7 sup 




sV i2p-3> 


< (7t“^ 


f' 


m\\ZT' 


Similarly, we obtain 


[ e-^^-^'>^P{{vm,V)w + {w,V)vm}di 
Jo 


<Ct ||ic||l3.oo||?;„||2,j,. 


LP 7 


Therefore we find that 


(4.5) sup {||um+i(t)||i,3.oo}-H sup {t ||z;m+i(t)||LP.~} 

0<t<T 0<t<T 


< (7(7,p)(||ui||zr + |k||L3.oo||i;^||2.^ -F llwn^lll^). 
















































ON L^’“-STABILITY OF THE NAVIER-STOKES SYSTEM 


41 


Now we consider ||Vi;m+i(t)||i,3.=°- By Lemma [231 (I 2.3j) . () 2.4|1 . and (j 2.3911 . we 
check that for each j = 1,2,3, 


5, 




'^^P{Vm,y)Vm{s)ds 


L3.> 


< C sup 

<^e[C'o”]^ ||<^|| 3 i<i 


Vl5' 


< C sup 


f {ivm{s),V)vmis),e P{-dj(j)))ds 

Jo 

(s^lkm(s)||LP.~)(s5||Vi;„(s)||L3,=o) 


II 3 i<l./0 


< C\\Vm\\zT 
Similarly, we observe that for each j = 1,2,3 


2p-3 

S 2p 


3p , ds 


' 2p-3 _ 

0 s 2p (^t — 2p 


j^ds<Ct ^\Vm\\l^- 


d. 




^^P{Vm,y)wds 


L3 

P-3 


< c 


{s ||'ym(s)||LP,~)||Vu;||iAi, 


, , J I J 

(t — s)2/3V2p 


-ds 


.3-/3 


Note that 3/{2/3) + 3/{2p) < 1 since (3/3)/(2/3 — 3) < p. We also check that for each 
J = 1,2,3, 


dj f e ^'^^P{w, V)vmds 

Jo 


< C sup 

L3,oo 0G[Co“]3, II0II 3 <1 


(s2||Vu^(s)||l3,=o)||u;|| 

-^-||e ( Pdj(j)\\^^ ,ds 


52 


< C'll'M^ll^^.oolkmllzT J 


-ds 


0 S2(t — s)^ 


<Ct 2/||■u;|| 

1^3^' 


Note that 3/2 < /3/(/3 — 1) < 3. As a result, we have 


(4.6) sup ||Vz;r„(t)||L3,oo} 

0<t<T 

< C'(7,P)(l|a||L3.oo -p \\Vm\\l^ + WwWL^.'^WVmWzr) 

28-3 

+ C{-^,P,p)T 3/3 (llwll ^ + ||Vw||i,3,cx,)||?;„||z,r. 

From (I 4.4F(I 4.6F we conclude that there are C* = C^,{^,p) > 0 and C** = 
I3,p) > 0 such that 

||^/1||ZT < C',||a||i3,oo, 
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20 — 3 

+ c**r (||ui|| w ,o 

L 


lkm+l||zr < adlalliS,^. + \\Vm\\%^ + ||w|U3,=c||?;™||zr) 

+ l|Vw||i3,cx,)||?;„||2^. 

By the previous arguments, we find that 

II"^771+2 \\Zt — II||||"^m+l || Zt ||'^||L3,oo 

2/3 — 3 

+ (||w|| _3i3 + ||Vw||i/3,oo)}||Wm+l - VmWzT- 

L ^ ’ 


From now on we assume that 


|a||L3,.» < 

|w;||l3,oo < 


1 


i6cr 

1 


and we choose T* > 0 such that 

2/3-3 

T* < 


8a.(||tc||^^,^ + ||Vzc|U,.=o)- 
By induction, we check that for each to £ N 
IkmllzT. ^ 2C*||a||i3,oo, 

ll'^m+2 'Cm+llIZ'T* — 2 '^'fnWzT^ ■ 

Since Zt, is a Banach space, we apply a fixed point argument to obtain a unique 
function v £ Zt, satisfying 

(4.7) \\v\\z^, < 2a||a|U3.=o, 

(4.8) \\v^ — 0 as TO —>■ oo. 

Since 

Um+l(t) = + {Vm,'^)'W + {w,V)Vm}ds, 

Jo 

we apply (I 4.7|) and (I 4.8)) to check that v satisfies for 0 < t < T* 

v{t)=e~*^a— f e“^*“'*^^P{(u(s), V)u(s) + (u(s), V)r(; + (w, V)u(s)}ds. 

Jo 

It is easy to check that for all (p £ and 0 < t < T, 

{v{t),(p) = {a,e~*^ (fi) + f (u(s) 0 u(s) + u(s) 0 w + ic ® u(s), Ve“^*“'’^^ (/3)ds. 

Jo 

From Lemma l3.11 we find that u is a unique if ||a||i3,oo < (5.j./(2C'*). Here is the 
constant appearing in Lemma l3.II 

Next, we show that v £ BC{[0,T,); Lq'^ (ft)). Since e~*^a £ Lq'^ for t > 0, we 
only have to show that for fixed 0 < t < T, 

i-t 




)^P{(u(s), V)u(s) + (u(s), V)w + {w, V)v{s)}ds £ Po’“(^^)- 


10 


To this end, we show that 
r* 


(i _|_ V)w + {w, y)v{s)}ds 


10 


< +00 


L“i. 
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for some 3p/(p + 3) < ai < 3. Let 3p/(p + 3) < ai < 3, and fix ai. Using (j 2.11j) . 
(j 2.3[l . (j 2.4[) . and (I 2.19|) . we see that 




P{{v{s),'V)v{s) + {v{s),'V)w + {w,'V)v{s)}ds 


L“i’ 


sup 


/ (v 0 V + V 0 w + V 0 w,—Ve ip)ds 

Jo 


< sup / ||v 0 T + t> 0 w + 0 w|| _3£_^||Ve ip\\ 3p j^ds 

lull c' l<lJ0 L2P-3’ 


< 


Hs)|U3,o.+||zt|U3,o.)(s^||4;(s)|Up,») 


ds 


P-3 1 _ 3_j,\ 

s (t — s) p 

< (||a||L3,«= + ||i(;||i3,oo)||i;||^^ < < +oo. 

Note that a'^ < 3p/(2p — 3) < 3 since 3p/(p + 3) < ai. Since for fixed 0 < t < T* 




P{{v, V)v + {v, W)w + {w, W)v}ds e LP’°^{n) n 


it foiiows from Lemma 12.11 that for fixed 0 < t < T* 

f e-(‘-")^P{(?;, V)t + (r;, V)w; + (w;, V)4;}ds G 
Jo 

Therefore we conciude that v G T*); Lg’“(U)). 

Finaily, we deduce (I 4.3|) . Assume that w satisfies Assumption 11.31 Since a G 
LQ’“(r2), it foiiows from Lemma [2.121 to see that Vui(t) G LQ’°°(f2) for each t > 0. 
From vi{t) G Lg’°°(U)nLP’°“(U), Vtii(t) G Lq’°°(U), and Assumption ll.31 we easily 
check that {(?;i,V)ui + {vi,'V)w + {w,'V)vi}{t) G Lg’°°(U) for each 0 < t < T*. 
Therefore we see that Vu 2 (t) G Lg’°“(U). By induction, we see that for m G N and 
0 < t < T*, \7vm{t) G Lg’°°(U). This implies that for 0 < t < T*, Vv{t) G Lg’°°(U). 
Therefore Proposition 14.II is proved. □ 


4.2. Global-in-Time Mild Solution and L°°-Asymptotic Stability. We now 

construct a unique global-in-time mild solution of the system (I 1.5|) . satisfying L°°- 
asymptotic stability. Let 3p/ (p+3) < a < 3. Let Jq, Kq be the constants appearing 
in Theorem 11.101 let (5i be the constant appearing in Theorem 11.111 let J-j- be the 
constant appearing in Lemma IXTl let J-j-i' be the constant appearing in Lemma [231 
and let S^,, K^, be the constants appearing in Proposition 14.II 

Proof of Theorem M.PA Assume that a G Lg “(fl), 

||a||i3,oc, < min {^ 0 , Si,S^,,S^/Ko, S^/K^, min{(5o, (5i, , 

11^11^3,.*= < min{(5g,5i,(5*,(5.|./A:o,5|/AA}. 
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Let iijj be the global-in-time generalized mild solution of the system (j 1.51) with the 
initial datum vq = a, obtained by Theorem 1 1.1 01 satisfying 

sup {||uti(t)||i3,=o} < iLo||a||L3,=o < (5t, 

0<t<oo 

sup {t^||uij(t)||i3,oo} < Xo||a||i3,oo < (5t. 

0<t<oo 

From Proposition 14.11 we see that there exists a unique local-in-time mild solution 
in Zt, of the system (I 1.51) with the initial datum vq = a for some T, > 0, satisfying 

sup {||u(t)||i3,«.} < Ky\a\\L3,<^ < (5t. 

0<t<T, 

From Theorem 11.101 and Lemma [3.11 we find that v^{t) = v{t) on [0,r*). 

Now we let r G (0,T,). Since ||uij(T)||j;,3,oo < min{(5o, <5*}, we apply Proposition 
Id.ll to see that there exists a unique local-in-time mild solution of the system (1 1.51) 
with the initial datum utj(r) for some T,* > 0, satisfying 

veBC{[T,T + T,,);Ll’^{n)), 

sup {||u(t)||i3,oo} < iF*||uti(T)||i3,=o 
T<t<r+T** 

< (if,)^||a||i3.=o < min{(5o,(5i,5t,5*}. 

Note that T** depends only on ||u;|| an || /Fq, (5o), that is, T** 

_ L ' 

does not depend on r. From Lemma [3.11 we see that v^{t) = v{t) on (r, r -|- T**). 
Thus, we repeat the above argument to construct a unique global-in-time mild 
solution of the system (1 1.51) with the initial datum vq = a. 

Next we show that for each fixed T > 0 

(4.9) sup {t^||Vu(t)||L3,«=} < C'(T) <-Poo, 

0<t<T 

(4.10) sup ||u(t)||L«=} < C(r) < oo. 

0<t<T 

Now we derive () 4.91) . Fix T > 0. By an argument similar to that in the proof of 
Proposition l4.ll we see that there is C > 0 independent of both t and T such that 
for 0 < t < T 


2/3-3 


t-3\\Vvit)\\L3.^ <C\\a\\L3,^ +CT^Ko\\a\\L3,^\\Vw\\L, 


Jo 


2p-3 p+3 

5 2p — sj 2p 


+ [ Cti ■ 

Jo 

Applying the Gronwall inequality, we check that 


||u;||^^_„(s2||Vu(s)||i3,oo) 


S3{t — s)^ 


ds. 


sup {t 2 ||Vz;(t)||i3,oo} < C[T) < -Poo. 

0<t<T 
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Here we used the facts that 




I 2p-3 p+3 

'o s 2 p — g'j 2 p 




lo S2 (t — s)^ 


2j3~3 

ds < CT^. 


Next we derive (I 4.101) . Let t G (0,T]. We see at once that 


lk(t)||L<» < ||e-*^a|U. 


/' 

JO 




P{v, V)v{s)ds 


/ e (‘ V)wds + / e P{w,V)v{s)ds 

Jo Jo 


From (I 2.361) . we have 

Applying (I 2.6|) . (I 2.3|) . (I 2.4L and (I 2.35L we observe that 


p-it-s)L 


P{v, V)v{s)ds 


< C 


sup 


((4!(s), V)u(s), e P(j))ds 


< c I (»^ll’’MII...-)(;^liyy^)IU..-) „ < c(T)ri 


P+3 2p—3 

(t — 5) 2P 5 2p 


In the same manner, we check that 


p-(t-s)L 


P{v, V)wda 


p-(*-s 


^^P{w, S/)vds 




Therefore we see that 
(4.11) 

Now we derive (I 1.12D . Using (I 2.61) . we have 


sup ||u(t)||i,~} < C{T) < + 00 . 

0<t<T 


v{t)\\L 

00 < |e 

+ c 

sup 


1101 


sup 


VI 


ii<i 

rt 


(e 2 ^P(v,V)v,e 2 ^ P(j))ds 
(e“^^^P{(u, V)w + (w, V)u}, P(f>)ds 
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By (I 2.3j) . (I 2.4|1 . (j 2.37j) . and (j 2.39|) . we check that 

nt 


(4.13) 


sup 


/ (e ' 2 ^^P[v,V)v,e ^ 2 P(j))ds 

Jo 


< 


C sup f ||e ‘ 2v)z;||iCcx=||e ^ ^ ^ P(j)\\^e>,ids 
Uhi<iJo 


< C 


'o (i - s) 5 +i(i- 7 )+i(i-F) 


ds 


<cr(i5jh£&s)!,.<cri 

Jo s P (t — s) ^P 


Note that {p + 6)/2p < 1 since 6 < p. 

Fix i > 3/3p/(3p + 3/3 — fip). Note that ?>l3p/{‘ip + 3/3 — fdp) > 3/2. From (I 2.3L 
(I 2.37|1 . and (I 2l39L we see that 


(4.14) sup 

rt 


/ (e * 2 ^^P{(v,'S/)w + (w,'S/)v},e '' 2 ^^ P(p)ds 

Jo 

<C sup f \\e~^~^^P{(v,V)w + {w,V)v}\\Lt,a^\\e~^"~^^ P4>\\Lt>,ids 
\Mrl<lJ0 


< c 


pt llu ® w + rc ® ull 3p/3 

' "l3p+3/3^/3p' 


I , , 1 I 3 / 3p + 3/3-/3p 1 / I 3 A 1 

'0 (/_s )2 + 2 l 3^3 j)+ 2 (^ jr J 

— ^ I P-3 , , 3/I I i'l 

Jo s 2p (^ _ g) 2 t p + /3 / 

Combining (I 4.12l) - (l 4.141) . we see that 


ds 


t (s 2 P ||?;(s)||lp,= )||u;|| 

-ds<Ct-^. 


(4.15) 


||v(t)||L~ < Ct-^ +Ct-^ 


Therefore we obtain (I 1.12F 

Finally, we prove the assertions (i)-(ii) of Theorem 11.121 From Proposition 031 
we deduce (ii). Now we attack (i). Assume that a G for some 3p/(p-|- 

3) < a < 3. Let di be the constant appearing in Theorem 11.111 Assume that 
||a||i 3 .oo < di and that ||u>|| 2 , 3 ,oo < di. From Theorem II.Ill we see that 

sup{t 2 (o-p)||^(i)||^p_„„} < Const. < -|-oo. 

i>0 

Using the same argument to derive () 4.15() with ||e' < Ct 2 ^ ||a||ic»,<x=, we 

have (I 1.131) . Therefore Theorem II. 121 is proved. □ 


5 . Global-in-Time Strong Solution 

In this section we show the existence of a unique global-in-time strong solu¬ 
tion of the system (I 1.51) when uq € L^'^iVt) and both ||uo||l 3 .oo and ||r(;||i 3 ,oo are 
sufficiently small. 

Throughout this section we assume that w is as in Assumption 11.31 and that 
|uoo| < 7 for some 7 > 0. Let 3/3/(2/3 — 3) < p < 00 and 1 < p' < 3/2 such that 
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1/p + 1/p' = 1. Fix p and p'. The symbols L and L* represent the two linear 
operators defined by Subsection 12.31 Let us prove Theorem 11.131 

Proof of Theorem \1.13[ Let S 2 be the constant appearing in Theorem ll.121 Assume 
that a G Lg’^(n), ||u>||i 3 ,oo < S2, and ||a||i 3 .oo < 62- Let v be the global-in-time 
mild solution of the system (j 1.51) with the initial datum vq = a, obtained by 
Theorem 11.121 Now we show that u is a strong solution of (I 1.51) . From the 
assertion (ii) of Theorem 11.121 we see that Vv{t) € Lq °°(n) for each fixed t > 0. 
Since w satisfies Assumption 11.31 and v(t') G FI if follows from 

Lemma 12.81 that for each fixed t > 0 

P{(v, V)v + (v, V)w + (w, V)u}(t) G 

Note that fg G Lg’°“(n) if / G Lq’^{D,) and g G Since e“*^ is an analytic 

Co-semigroup on Lg’“(n), we shall prove that P{(u, V)u -I- (u, V)w -I- (w, V)u} is 
locally Holder continuous with respect to time in the L^’°°-norm. Let e, T > 0 such 
that £ < T. Fix e and T. We shall show that there is 0 < hg < 1 such that 

P{(u, V)u + (u, V)w + {w, V)u} G C^'o([£, T];Ll’^{n)). 

From (I 1.111) and (| 1.121) . we see that 

sup {ti\\\7v{t)\\L3.ac} + sup {t^||u(t)||L=o} < C(r) <-boo, 

0<t<T 0<t<T 

sup {||Vu(t)||i3,oo}-b sup {||u(t)||Lcx,} < C(e,r) <-boo 

e<t<T e<t<T 

Let ti, <2 > 0 such that £ < ti < t 2 < T. It is easy to check that 


||P{(?;(t2), V)u(t2) + (^’(^ 2 ), V)w -b (w, \7)v{t2)} 

- P{{v{ti),V)v{ti) + (u(ti),V)u;-b (w, V)u(ti)}||L3.=o 
< C\\v{t 2 ) - u(fl)||L=o||Vu(t2)||L3,«. -b C||u(fi)||L=o||V(z;(t 2 ) “ f(H))||L3,- 
+ C||u(t2) --(^(tOllL-IIVwllLS.oo -bC||w||L=o||V(u(f2) -'c(H))||l3.oo 

< C{£,T){\\v{t 2 ) - u(ti)||L=o -b ||V(u(t 2 ) - u(ti))||i3,=o}. 

Therefore we only have to show that there are Ch = Ch{£,T) > 0 and 0 < hi < 0 
such that 

(5.1) \\v{t2) - 'c(H)||l“ < Ch{t2 - 

(5.2) II V(u(t2) - u(tl))||L3,=o < Ch{t2 - . 

We first attack (| 5.1|) . Since 

(5.3) v{t 2 ) - v{ti) = _ l)e-Fia 

rti 

+ / V)v + {v, V)w + {w, V)v}(s)ds 

Jo 

-b / e~^*^~*'^^^P{{v,V)v + {v,'S/)w + {w,V)v}{s)ds, 

Jti 

we use (j 2.61) and a duality argument to see that 

||u(t 2 ) — ?^(C)||l“ < C{iLi -b H2 + H3 + H4 + H^}{t2, ti). 
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Here 


:= sup |(e-^^a, - l)e-^^*P<^)|, 

06[Co“]3, ||0||ii<l 

r'ti 

I ((?;, V)r!, P4>)ds 

0 


H 2 {t 2 ,ti) := sup 

r,i<i 


Hs := sup 
Il0llii<i 


pti 


{{v,y)w + {w,y)v,{e ~ l)e P(j))ds 


Hi{t 2 ,ti) ■= sup 

0e[Co”]3. ||</-ILi<i 

H 5 {t 2 ,ti) := sup 


(■*2 


((■y, V)v,e 


-((2-8)1/" 


P(j))ds 


f {{v,'V)w + {w,'V)v,e P(j))ds 

Ju 


Using (I 2.3|) . (I 2.41) . (j 2.16|) . and (j 2.591) . we see that 

Pi(< 2 ,U) < Clle'^^allz/S.oo sup - l)e“^^*P(/)|| 3 ^ 

Il0llii<i 

< C||a||L3,=o(t2 - 

< (^(e, T){t2 — ti)^. 

Applying (I 2.3p . (I 2.4|) . (I 2.161) . and (I 2.591) . we observe that 


H 2 {t 2 ,ti)<C sup 

ll0ILi<i t -^0 




(s^||y(s)IU.,^)(s^||Vy(s)|U3.=o) 


2p-3 

S 2p 


L 2p-3 

<C{T) f 2 p _3 (t 2 - - ti) ^ds 

Jo .« 2p 


< C{e,T){t 2 - ti)^p. 


Similarly, we check that 




C sup 


(S 2 ||(;(s)||ioo)||VM;||i3,cx/ + ||M;||i=o(s 2 ||Vi;(s)||l3,«.) 


-(^ 2 —^ 1 )-^'* 


- l)e 


S2 

-(ii-s)L* 




< 


C{T) [ ' 4(^2 - ti)^e^+(‘^-*i)(ti - s)-3-5ds 
./o S 2 

<C{e,T){t 2 -h)i. 
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Applying (j 2.3L (I 2.4|1 . and (I 2.3511 . we observe that 


Hi{t 2 ,ti)<C sup 
rt2 ' ^ 


Ju 


2p-3 1*^2 

< C{T)t^ ' 


f - ^ ds <Cie,T)(t2 

ti {t 2 — s) 2 p 


and that 


<C sup 

ll<^'lli,i<i t Jti 


*2 


(S 2 ||z;(s)||T=o)||Vu;||i3.oo + ||4i;||T=o(s2 ||Vu(s)||l3,=o) 


lie 


-{t2-s)V 


S2 




<C{T)t,^ r - -L^ds< C(e,T)(t2-ti)i 

dti (t2-s)2 

Therefore we see CST]). 

Next we derive (j 5.2|) . Fix j = 1, 2, 3. Using (I 5.3|) and Lemma [231 we have 
\\djv{t2) — djv(ti)\\i^3,^ < C{He + Hy + iLg + Hg + i?io}(t2,U)- 

Here 

Heih^ti) := sup |(e"+^a, - l)e“^^*P(-aj(/)))|, 


06[C“]^. II0II 3 i<l 

T 9. 


Hy := sup 


, <1 


((u, V)u, (e 






Hg{t 2 ,ti) := sup 


0e[Co“]h II0II 3 i<i 

L^’ 


pt2 

/ {{v,V)v,i 

Jti 


-(t 2 -s)L* p(_ 


P{—dj4>))ds 


Hio(t 2 ,ti) := sup 


II 3 i<i 

L 2 


[ ' {{v, V)w + {w, V)v, P{-dj(t)))ds 

Jtx 


Hs{t2,tl) ■ — 


0e[Co“]3, 


sup 


3 1<1 


Ptl 


{{v,\7)w + {w,\7)v, {e ~ l)e P{—dj<j)))ds 


Using (I 2.31) . (I 2.41) . (I 2.161) . and (I 2.571) . we see that 

Hg{t 2 ,ti) < C'||e“+^a||i3.=o sup ||(e"(*^“‘i)^* - l)e“ + ^*Pi9j(/)||^3,i 


„ 3 , <1 


<q|a|U3,=.(t2-U)3e^+(‘^-‘i)t" 

< C{£, T)(t2 — tl) ^ • 
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Applying (j 2.3L (I 2.4|1 . (I 2.16|1 . and (I 2.57|1 . we check that 


H 7 {t 2 ,ti)<C sup 


II ^ , <1 L Jo 

L 2 U 


(s ||u(s)||lp,= )(s^Vu(s)||l3,=o) 


2p-3 

S 


< 


L^p-^ J 

C{T) f - ti)~^ds 

Jo s 2p 

<Cie,T)ih-ti)^. 

Similarly, we see that 


C sup 


II 3 i<i L Jo 

L2’ 




(sHk(s)IU-)l|Vw;||i3,=o + ||u;||l=o(s 2 ||Vu(s)||i,3,=o) 




<C{T) f ■\{t2 - ti)^^e 
Jo 5 = 

< Cie,T)it2-h)i. 

Using (I 2.3I1 . (I 2.4|) . and, (I 2.3911 . we check that 


Ho{t 2 ,ti)<C sup 


II 3 1 <1 t Jti 

L 2 


*2 


(s^||u(s)|Up,~)(s.||Vu(s)|U3,o.) 


2p-3 

S 2P 


||e (‘2 


2p-3 /*i2 

< C{T)t^ "" I 


L2p-3’ 

1 


, -< C{£, T){t2 - ti) 

tl (^2 — s) 2p 


and that 

Hio{t2, tl) < 


C sup 


1,5 


*2 


^1<1 L Jti 


(S 2 ||u(s)||L=)||Vu;||i3,«. + ||u;||l=o(s 2 ||Vu(s)||i3,.») 

1 

S2 


•lie 


-(t 2 -s)L* 




< C{T)t- 


1 


Iti {t2-s)3 


Yds < C(£, T)(<2 — tl)^. 


Therefore we see (I 5.211 . 

From (I 5.111 and (I 5.2p . we find that P{{v,V)v + {v,V)w + (w, V)u} is Holder 
continuous on [e,T] in the L^’°“-norm. Since e and T are arbitrary, it follows from 
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the analyticity of the semigroup e to see that 

V e C((0.oo); n C((0, oo); D{L)) n ^^((O, oo); 

and that i; is a strong solution of the system (I 1.511 with the initial datum vg = 
a. Therefore Theorem 11.131 is proved. Note that D{L) = £)(j 23 ,oo) (see Lemma 
\2J^ . ’ □ 


6. Appendix; Characterization of the Lorentz Norm 


In the Appendix, we characterize the Lorentz norm. Let n, to G N, and let 
?7 C K” be a domain. Let 1 < g, g' < oo and 1 < r, r' < oo such that l/g+ 1/g' = 1 
and l/r + 1/r' = 1. We define the Lorentz space as follows: 


L9.-(C7) := {/ e L\U) + L^{U)- ||/|U„.(c/) < +oo}, 

II Cl , , ifl<r<+oo, 

f*{t) := inf{CT > 0; ^{x G U] \f{x)\ > cr} < t}, t> 0, 
r*{t) :=t-^ [ ns)ds,t>0. 

Jo 


Here fi{’} denotes the n-dimensional Lebesgue measure. 
For/= (/i, •••,/-) e [L«'’'(C/)]”^ and g G 


{f,9) ■= / fix) ■ g{x)dx, 

Ju 

\\fh..nu) ^ WfWx.^iU) ■■= llvW + WT^^^+CFFllL-(a), 

ll/l|y‘!.’-((7) := max {WfWLi.-iu)}, 

l<j<m 

ll/IU«.>'((7) := sup lifA)]- 


Here 

if, 4>) '■= f fix) ■ (l)ix)dx. 

Ju 

The purpose of the Appendix is to prove the following proposition. 


Proposition 6.1. There is Ca = C'a(to, g,r) > 0 such that 
for /= (/i,... ,/-) G [L^x{u)Y. 

(6-1) 11/11x9.'■(c/) < C'a ll/llY9.>-(;7)i 

(6-2) 11/11x9.'■((7) < Il/llz9,r.(c/), 

(6-3) WfWzi.^iu) < 11/11x9,'■([/)■ 

Moreover, assume in addition that [C'“(C/)]'” is dense in [L"? ’’’(t/)]"*. Then 

ll/llz9.'-(;7) < C'a sup l(/,/')|. 

0 e [ Co “( c /)]-. 11011^,/,,./<1 

To prove Proposition l6.ll we prepare the three lemmas. From [3l Chapter 1] and 
O IV Lemma 4.5], we have 
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Lemma 6.2. (i) Assume that f G L‘^’'^{U). Then for t > 0 

nt) <r{t), 

1 < r < oo, 

sup{t^^‘^f**{t)} <—^sup{t^/'?/*(t)}, ifr = oo. 

t>0 Q — r t>0 

(ii) For all f G [L«’’'(J7)]™ and g G [L'i'(U)]"^, 

Since the n-dimensional Lebesgue measure is nonatomic (nni Chapter 21]), we 
apply [H II Theorem 2.7 and IV Theorem 4.7] to obtain 

Lemma 6.3. For every f G L‘^’’’(]R”) 

II/IIl 9.'-(R") < sup l(/,^)l < II/IIl'z.’-CR")- 

$eiLc(R"). («„,<! 

Next we prove 


Lemma 6.4. For every f G L'^’'~{U) 

sup 


Il 9 V(( 7 ) < 


0eLi'v'(c/), 




Proof of Lemma 16.41 For U C M", 


hi := 


1, xGU 


0, xGW^\U. 

Fix / G L‘^'^{U). By the definition of || • Hii.r and Lemma [67^ we see that 
II/I|l'!.'-((7) <||/l(7||L9V(Rn) 


: sup 


Lq ,r ( Kn ) — 


<1 


\{flu,<^)\= (RHS). 


It is clear that 
(RHS) = 


sup 




<1 


L*?' ,r' (Rn) — 


sup 

11^1 II / / +ll^>9ll / / <1 


3>i.3>2Gii„JR"). ll-I-il 


[ f^u{x)^{x)d: 

Jr-^ 

flu{x){^i{x) + ^ 2 {x))dx 
f{x)^i{x)dx 


sup 

, , +||«J)o|| , / <1 


sup 


[ f{x)^i{x)da 

Ju 


Therefore we have 


II/I|l?v(( 7) < sup lifA)]- 
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By Lemma [121 we see that 

sup l(/,<^)l < II/IIl9.’'(c/)- 


□ 


Let us attack Proposition 16.II 


Proof of Provosition \6. l\ We first show (I 6.1I1 . Since 

^J.{xGU■, v'(/Ha;))^ H-(/""(a^))^ > t} 

< ^l{x G U;\f{x)\ > tj^} ^ -h n{x G f7; |/™(x)| > t/y/m}, 

we apply Lemma [6.21 and the definition of |1 • to check that 

\\f\\xi.-(u) <Cim,q,r){\\f\\L'!.r +••• + ||/™||l5,0 
<C{m,q,r)\\f\\Y',,r-. 

Therefore we see (M). 

Secondly, we derive (I 6.21) . Let / = (/^,/^,--- , Z™) G For each 

1 < j < m, we check that 

II/^I|lo>>-(c/) < sup 

= sup \{f^A^)\ 

< sup K/, </>)!■ 

Note: Since (/, 4>) = {f^,4>^) when (^ = (0, • • • , 0, 0, • • • , 0), it follows that 


sup 

0=(0L---,03,...,0™)e[L9'.'■'((/)]’", \\(i>\\y(u)-^ 

< sup l(/,<^)l- 

0=(0i.-,03.-,0'")e[L‘!'v'(G)]'". 11011^,/, 

Therefore we see that 


max {WPWL^.r^u)} < 


l<j<m 


4>g[l<i' y (u)]^ 


sup 




11 ^ 9 ',>-'([ 7)^1 


which is (I 6.21) . From Lemma [6.21 we have (I 6.31) . 


□ 
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